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On the Spreading Resistance of Thin-Film Contacts

Peng Zhang, Student Member, IEEE, Y. Y. Lau, Fellow, IEEE, and Roland S. Timsit

Abstract—The spreading resistance of a microscopic area of
contact (the “a-spot”) located in a thin film is studied for both
Cartesian and cylindrical geometries. The effect of film thickness
h on the spreading resistance is evaluated over a large range of
aspect ratios. In the limit 4 — 0, the normalized thin-film spread-
ing resistance R converges to the finite values, i.e., 2.77 for the
Cartesian case and (.28 for the cylindrical case. An interpretation
of these limits is given. Extension to a general a-spot geometry is
proposed.

Index Terms—Constriction resistance, contact resistance, elec-
trical contacts, skin depth, spreading resistance, thin films.

I. INTRODUCTION

HIN-FILM contact is a very important issue in many

areas, such as integrated circuits [1], thin-film devices
[2], carbon nanotube and carbon nanofiber-based cathodes and
interconnects [3], and microelectromechanical system [4], etc.
Electrical contact has surfaced as a crucial problem in the
ongoing studies at the University of Michigan of wire-array
Z-pinch [5], high-power microwave generation [6] and protec-
tion [7], triple-point junctions [8], field emitters [9], and heating
phenomenology [10].

Holm’s classical a-spot model [11] gives the electrical
spreading resistance of a circular constriction in a bulk interface
of uniform resistivity as
p
b (1)
where p and a are the resistivity of the conductor and the radius
of the constriction, respectively. The spreading resistance R
stems from the spreading of electrical field lines (current flow
lines) from the constriction toward the bulk of the conductor.
The contact resistance, or constriction resistance, between two
bulk solids of same materials is R. = 2R; = p/2a. Equation
(1) is the basis of many subsequent works [12]-[17]. Although
recent generalizations of Holm’s a-spot have included the
effects of 3-D contact geometries [13], [14], [18], [19] and
of dissimilar materials [20], [21], these generalizations are
inapplicable to the thin-film contact, as shown in Fig. 1. This is
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Fig. 1. Cylindrical (or Cartesian) electrical contact between two thin films of
the same material. The z-axis is the axis of rotation for the cylindrical geometry.
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Fig. 2. Cylindrical or Cartesian geometries for the (a) electrode directly
applied on the thin film and the (b) region of zero resistivity in contact with
the thin film. The z-axis is the axis of rotation for the cylindrical geometry. For
both (a) and (b), the boundary conditions, the potential profile, and therefore
the spreading resistance in the thin film are equivalent to that in Fig. 1.

because in a thin-film contact, spreading resistance arises from
the sharp bending of current flow lines in the immediate vicinity
of the constriction edges, with subsequent spreading into the
thin film over a distance of one constriction radius or less
[22]-[24]. Beyond this distance, the current flow lines are par-
allel to the film boundaries, and any additional contribution of
spreading resistance to overall resistance becomes insignificant.
In this paper, we focus on the spreading resistance in the thin
film schematically illustrated in Figs. 1 and 2.

Referring to Fig. 1, due to symmetry, the a-spot area (the
constriction interface AB) is an equipotential surface, and all
current flow lines are perpendicular to this interface. This is
also the situation for the two cases shown in Fig. 2, where
Fig. 2(a) shows an electrode of size a being applied directly
to the conducting thin film, and Fig. 2(b) shows a post of zero
resistivity kept in contact with the thin film with an interface
of size a. Thus, the boundary conditions, the potential profile,
and therefore the spreading resistance in the thin-film region
are equivalent in all three geometries shown in Figs. 1 and 2,
for both Cartesian and cylindrical geometries. Once we know
the spreading (or constriction) resistance of any one case, the
result will be immediately applicable to the other two cases.

By convention [21]-[24], the thin-film spreading resistance
R here is defined as

Ry = R — Ryux )
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which is the difference between the total resistance, i.e., R,
from AB to CD (and GH) and the bulk resistance, i.e., Rpuk,
from BE to CD and from AF to GH [cf. Fig. 2(a)]. The bulk
resistances [21]-[24] are

Ryutic = plb — ) /2hW, (3a)
Ryune = (p/2mh)tn(b/a), (3b)

for the Cartesian case and cylindrical case, respectively, where
W in the Cartesian geometry denotes the channel width in the
third ignorable dimension that is perpendicular to the paper, and
b, which is not labeled in Figs. 1 and 2, is the y (or r) coordinate
of the boundary point C for the Cartesian (or cylindrical) case.
All other symbols have been defined in Figs. 1 and 2. It is
worth noting that our choice of the bulk resistance, i.e., Rpux
in (3), is arbitrary and, therefore, so is the definition of the
spreading resistance R in (2). This is because the current flow
lines do not sharply curve and become parallel to the thin-film
surface exactly at y (or ) = a (cf. Figs. 4 and 6). Despite
the arbitrariness of the definitions of R, and Ry, the total
resistance Ry = Rs + Rpuk, Which is obtained directly from
exact calculations and numerical simulations, remains the same.
To be consistent with [21]—[24], we shall continue to use (2)
and (3) as definitions of R and Ry, in this paper. As we shall
see, this definition allows ready extension of the theory to a
general a-spot geometry in the limit A — 0 (h = film thickness,
cf. Fig. 1). We shall pay close attention to this limiting case in
our interpretation of the results.

It is worth mentioning that the spreading resistance for the
configuration shown in Fig. 2(a) was treated by other workers
[25]-[30]. In these works, the boundary GD was an equipo-
tential surface so that the current flow just above GD was
orthogonal to GD. In contrast, in this paper, the current flow
just above GD is parallel to GD, as we impose a constant
potential on the boundaries CD and HG [22]-[24]. As a result,
there is a key difference in the limit h — 0, where the total
resistance vanishes in [25]-[30] as the current path length van-
ishes, whereas in this paper, the total resistance becomes infinite
because the cross-sectional area of current flow vanishes.

In Section II, we consider the dc Cartesian thin film. In
Section III, we consider the dc cylindrical thin film. Concluding
remarks are given in Section IV, where extensions of the model
are suggested.

[Cartesian]
[cylindrical]

II. THIN-FILM CONTACT IN CARTESIAN GEOMETRY

The Cartesian thin-film geometry in Fig. 2(a) was studied by
Hall [2] using conformal mapping calculation. If the spreading
resistance is defined in (2) and (3a), Hall’s exact calculation
yields (cf. [2, Fig. 2] and [2, eq. (12)])

p p—
Ry = R,
47 W

R, :27r% —4In [sinh (g%)} (5)
where W denotes the channel width in the third ignorable
dimension, and the rest of the symbols have been defined in
Figs. 1 and 2.! The normalized thin-film spreading resistance,

“)

IThe r (or y) coordinates of the boundary points C and H is b (not shown in
Figs. 1 and 2). We assume that b > a or b >> h, in which case all formulas in
this paper are valid. See [23] for a detailed explanation. In all MAXWELL 2-D
simulations shown in Figs. 3 and 5, we fixed b = 8.8 cm.
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Fig. 3. Normalized thin-film spreading resistance Rs as a function of a/h,
for the Cartesian structure in Figs. 1 and 2. The solid line is for the conformal
mapping calculations [see eq. (5)]. The dashed line, which overlaps with the
solid line, is for the series expansion calculations (cf. [23, eq. (A8)]). The
symbols are for the MAXWELL 2-D simulation. Two sets of simulation were
performed. The first set (circles) was fixed at @ = 2 cm, and varying h from 2
to 0.1 cm; the second set (crosses) was fixed at h = 0.1 cm, and varying a from
3to7 cm.
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Fig. 4. Field lines in the right half of the Cartesian thin film in Figs. 1 and 2,
calculated from both series expansion method (cf. [23, eq. (A8)]) (solid lines)
and conformal mapping [2] (dashed lines), for the case of a/h = 10.1. In the
series expansion method, we set p1 = 0.01p in Fig. 2(b).

i.e., (5), is plotted in Fig. 3. Most recently, Zhang et al. [23]
have analytically calculated the spreading (or contact) resis-
tance of the Cartesian thin-film geometry in Fig. 2(b) by using
the series expansion method (cf. [23, eq. (A8)] and [23, Fig. 5].
In the limit of p; — 0 in Fig. 2(b) (p; = 0.01p was used in
[23]), their theory gives identical results to that of Hall, i.e., (5),
as shown in Fig. 3.

It is easy to show from (5) that in the limit of a/h — oo,
R, converges to the constant minimum value of 4/n2 = 2.77,
which is valid for a/h > 2, as shown in Fig. 3. It is worth noting
that the conformal mapping calculation is exact, without any
approximation, and is therefore valid for arbitrary values of a
and h, even when a and h become arbitrarily small.! The field
lines in the right half of the Cartesian thin film in Figs. 1 and 2
are shown in Fig. 4. These field lines were obtained by the
series expansion method [23] on the model shown in Fig. 2(b).
In addition, shown in Fig. 4 is the validation using the exact
solution of conformal mapping [2].

To further confirm the nonzero limit of Ry = 2.77 as h — 0
for the Cartesian thin-film contact, we performed numerical
simulations by using the MAXWELL 2-D code? for various
combinations of parameters on the geometry shown in Fig. 2(a).
The MAXWELL 2-D code results are included in Fig. 3.
The finite-element-method-based MAXWELL 2-D simulations
were performed with great accuracy—the convergence iteration
error was controlled to be < 0.002% for each case represented

2See http://www.ansoft.com for MAXWELL 2-D software. For the present
electrostatic problem, MAXWELL 2-D uses automatic meshing and finite-
element analysis to solve the Laplace equation.
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by the symbols in Fig. 3. It is clear that the simulations are in
excellent agreement with the analytical calculations, from both
conformal mapping [2] and series expansion method [23].

To further probe into the nonzero limit of Ry = (4¢n2) x
(p/4mW) 2277 x (p /47 W) as h— 0, at a finite value of a, let
us compute the width a’ such that the bulk resistance between
y=a' and y=>b (and between y=—a’ and y=—b)! is equal
to the total resistance R as h — 0. Thus, we have Rp—=
p(b—a)2Wh= Rs 4+ Rpux= (4¢n2) x (p/47W) + p(b —
a)/2W h, yielding

ad=a (1 - 2E:zh/a> =a(l —044h/a), h/a < 1. (6)

Thus, ¢’ = 0.956a if h/a = 0.1, as in Fig. 4. That is, the
distance between a’ and a gives the length scale over which the
spreading resistance occurs (see Fig. 4). Note the possibility
of enhanced local heating between a’ and a because of the
crowding of the field lines there. Such localized enhanced
heating has been observed in bulk electrical contacts [31], but
its contribution to contact overheating may be greatly magnified
in a thin-film contact.

Another interpretation of ' in the limit A — 0 follows.
We may express the total resistance as Ry = R/, + R .. Let

buk = p(b—a’)/2hW. Then the residual resistance R, = 0
in the limit h — 0. Comparing with (2), this shows the arbitrari-
ness in the decomposition of the total thin-film resistance into
the bulk and spreading resistance. It was the total resistance that
Hall [2] calculated.

III. THIN-FILM CONTACT IN CYLINDRICAL GEOMETRY

The (r—z) geometry of a cylindrical thin film cannot be
treated with conformal mapping. The spreading resistance of
a thin conducting film for the cylindrical geometry (see Fig. 1)
was analytically calculated by Timsit (cf. [24, Fig. 7] and [24,
eq. (18)]), who approximated the current density distribution
through the a-spot of this film with the known current density
distribution through the a-spot in a semi-infinite bulk solid
[14]. Timsit stated that this approximation is reliable only for
0 < a/h < 0.5 [24] (cf. dashed curve in Fig. 5). Most recently,
Zhang et al. [23] have confirmed Timsit’s results for 0 < a/h <
0.5 and extended his results for a/h up to ten (cf. [23, Fig. 10]).
Their results, obtained from the exact theory of series expan-
sion, were synthesized into a simple useful polynomial® [23],
as (7) and (8), shown at the bottom of the page, where the
spreading resistance R was defined in (2) and (3b). The solid
curve in Fig. 5 plots (8), suggesting a finite constant value of
about 0.28 for R, as a/h — oc. Existence of a similar nonzero
asymptotic limit was proved for the Cartesian case.

To verify the nonzero limit of R, = 0.28 as h — 0 for the cy-
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Fig.5. Normalized thin-film spreading resistance R as a function of a/h, for
the cylindrical structure in Figs. 1 and 2. The solid line is for (8), synthesized
from the results of series expansion calculations (cf. [23, eq. (B8)]); the dashed
line is for Timsit’s calculations (cf. [24, eq. (18)]); and the symbols are for the
MAXWELL 2-D simulation. Three sets of simulation were performed. The first
set was fixed at @ = 2 cm (circles), and varying h from 2 to 0.1 cm; the second
set was fixed at A = 0.1 cm (crosses), and varying a from 3 to 7 cm; and the
third set was fixed at a = 0.01 cm (diamonds), and varying h from 0.025 to
0.00015 cm.
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Fig. 6. Field lines in the right half of the cylindrical thin film in Fig. 2(b),
calculated from the series expansion method (cf. [23, eq. (B8)]), for the case of
a/h =10.1and p1 = 0.01p.

simulation? for various combinations of parameters on the
geometry shown in Fig. 2(a). The MAXWELL 2-D code results
are included in Fig. 5.1 Similar to the Cartesian case, the
simulations were performed with great accuracy—the conver-
gence iteration error was controlled to be < 0.002% for each
data point represented by symbols in Fig. 5. It is clear from
Fig. 5 that the simulations are in excellent agreement with the
analytical calculations and yield the asymptotic constant value
of ~0.28. The field lines in the right half of the thin film for the
cylindrical geometry in Figs. 1 and 2 are shown in Fig. 6. Note
the striking resemblance of the field lines in Figs. 4 and 6.

To further probe into the nonzero limit of R, =
0.28 x (p/4a) as h — 0 at a finite value of a, let us compute
the radius a’ such that the bulk resistance between r = a’
and r = b is equal to the total resistance R as h — 0. Thus,
we have Rp = (p/2wh)in(b/a’) = Rs + Rpux = 0.28 X
(p/4a) + (p/2wh)n(b/a), yielding

lindrical thin-film contact, we performed the MAXWELL 2-D  a' =ae 0285 & =qe =t ~q(1-0.44h/a), hja<l (9)
p —
Rs=—R; 7
*~1a (N
2. (a/h) {1—2.2968(a/h)+4.9412(a/h)2—6.1773(a/h)3+3.811(a/h)4—o.8836(a/h)5, 0001<a/hst o
s\a =
0.295+0.037(h/a)+0.0595(h/a)?, 1<a/h<10
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which is identical to (6), derived for the Cartesian thin film.
Thus, a’ = 0.956a if h/a = 0.1, as in Fig. 6 (and in Fig. 4).
The distance between a' and a gives the length scale over
which the spreading resistance occurs (see Fig. 6). The nonzero
limit of Ry 2 0.28 x (p/4a) as h — 0, at a finite value of a,
is equivalent to the resistance of a “residual” circular ring of
thickness h and of outer radius @ and inner radius a’

p a
Rs = Rresidual circular ring — mgn a

>%0.28><p

h—0 (10
1, h—0 10

P
2k "\1-044h/a

where (3b) and (9) have been used. As seen from (10), as h
decreases to zero, the resistance of the “residual” circular ring
region (over which the spreading resistance occurs) remains
a constant, and this might be considered as an interpretation
of the nonzero limit of the spreading resistance Rg = 0.28 x
(p/4a) as h — 0 for the cylindrical case.

A similar argument may be made for the Cartesian case as
(9) and (6) are identical. The distance between a and @’ remains
to be 0.44h, and (10) is modified to read [cf. eq. (3a)]

o - _pla=d)

Rs - Rre51dual rectangular strips — LW
_px044h  p
= = aap X277 h— 0. D

Once a is fixed, in the limit A — 0, the edge “B” in Fig. 2(a)
looks the same whether it is a circular arc (cylindrical geom-
etry) or a straight line segment pointing out of the paper
(Cartesian geometry), as far as the current flow patterns at B
are concerned. This is why the factor 0.44 appears in both
(6) and (9), and Figs. 4 and 6 look identical. Since 0.28 =
(4¢n2)/m2, we conjecture that the asymptotic value for the
cylindrical thin-film spreading resistance is R, = (4(n2)/n% =
2.77/7% = 0.28 as h — 0. The ratio between the “hard limits”
of R, for the Cartesian and cylindrical thin film is 72 as h — 0.

Finally, although R, approaches a finite constant as i — 0,
R/ Ry approaches to zero since Rpyuk, and therefore, Ry ap-
proaches infinity [cf. eq. (3)]. That is, the spreading resistance
contributes to a negligible fraction of the total resistance in the
limit & — 0. The latter property was also shared in [25]-[30],
although in these references, both the total resistance and the
spreading resistance vanish as h — 0.

IV. CONCLUDING REMARKS

In this paper, we study the spreading resistance in the thin-
film contact shown in Figs. 1 and 2, for both Cartesian and
cylindrical geometries. The calculations were performed by
three very different methods: conformal mapping [2], [22],
[23], infinite series expansion [23], and Maxwell 2-D code?, all
yielding the same results. Most importantly, we found that the
normalized thin-film spreading resistance R, converges to the
finite values, i.e., 2.77 for Cartesian and 0.28 for the cylindrical
case in the limit 4 — 0. An interpretation of these asymptotic
limits in terms of the residual resistance between o’ and a is
given [see eqgs. (10) and (11)]. The crowding of the field lines
between a and a’ could lead to significant ohmic heating there
(see Figs. 4 and 6).
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Current crowding is a well-known phenomenon in the area
of contact resistance, for example in metal-semiconductor
contacts where current crowding may have a significant ef-
fect on contact resistance [32]. We point out that there are
differences between metal-metal and metal-semiconductor
contacts. For example, in the transmission line model of a
metal-semiconductor contact [32], [33], the length scale over
which most of the current from a contact into a semiconductor
thin film flows is called the transfer length, L7. From (6) and
Fig. 4, one may argue that Ly ~ 0.44h for the present Cartesian
thin-film model, and this transfer length is due only to the
fringing fields. In the transmission line model [32], there is
another component of transfer length, neglecting the fringing
fields, that is approximately given by Ly = (r./7s)'/?, where
rs = p/h is the sheet resistance (in §)/square) in the semi-
conductor thin film under the contact, and r. = A.p., where
A, = contact area, and p. = contact resistivity. The resistivity
pe arises from the metal-semiconductor barrier so that this
paper would have p. = 0, yielding L2 = 0 in the conventional
transmission line model [32]. The transmission line model does
not include the effect of fringing fields studied in this paper.

Since the distance between a and o’ is always 0.44h as h — 0
[cf. egs. (6) and (9)], and Figs. 4 and 6 are identical for both
cylindrical and Cartesian a-spot shown in Fig. 1, we might
extend the theory to an a-spot of an arbitrary shape in the
h — 0 limit. We propose that for the model shown in Fig. 2(a)
in particular, the spreading resistance R, defined in (2) would
assume the general form

Rs:(ﬁ)%—"z, h—0

L) x (12)

where L is the circumference of the a-spot of an arbitrary shape,
and Ry is the bulk resistance of the thin film exterior to
this generalized a-spot. For a circular a-spot of radius a, L =
27a, and (12) reproduces (10). For an a-spot in the Cartesian
geometry, L = 2W [the factor of two to account for both edges
A and B in Fig. 2(a)], and (12) reproduces (11). Clearly, there
will be limitations to the validity of (12), particularly if the
a-spot shape is highly irregular, e.g., where the radius of
curvature s of the a-spot significantly varies in magnitude and
sign along the circumference. For a-spots that do not deviate
too strongly from circular or rectangular geometry, and from
our comments following (11), (12) is expected to be valid if
h < minimum s.

Finally, Timsit pointed out that the dc spreading resistance in
a thin film is comparable to the spreading resistance for high-
frequency ac current in a bulk solid where the current flow is
limited to the skin depth [24], if the thickness of the equivalent
thin film is identified as the skin depth at the relevant frequency,
i.e., h = 0. Along this line, we speculate that the same finite
limits of R, = 2.77 for the Cartesian case and R, = 0.28 for
the cylindrical case would apply to the ac case as the skin depth
0 — 0.1In fact, Fig. 9 of [24] for the 1-GHz curve is about 0.3 of
that for the cylindrical dc curve, for all constriction diameters
shown in that figure. If the frequency further increases, we
expect the ratio would be ~0.28. Likewise, we conjecture that
Fig. 10 of [24] would converge to the final value of ~0.28 as
a/d — oo. If our conjecture is correct, the limiting value of
spreading resistance would give rise to an important component
of contact resistance at high signal frequencies.
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