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ABSTRACT

Similarity transformations are essential for correlating discharges at different scales, which are mostly utilized with local field or local energy
approximations. In this work, we report the fully kinetic results from particle-in-cell/Monte Carlo collision simulations that unambiguously
demonstrate the similarity of radio frequency (rf) discharges in nonlocal regimes where the electron energy relaxation length is much larger
than the gap dimension. It is found that at a constant rf voltage amplitude, discharges will be similar if the gas pressure, inverse of gap
distance, and rf driving frequency are all changed by the same scaling factor. The scaling relations of fundamental parameters are illustrated
for rf discharges in the alpha-mode with secondary electron emission ignored, and the temporal electron kinetics are shown to have
invariance in similar discharges. The results explicitly validate the scaling laws in nonlocal kinetic regimes, indicating promising application
potentials of the similarity transformations across a wide range of kinetic regimes.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0022788

I. INTRODUCTION

Similarity (or scaling) transformations in gas discharges help
map out how discharge conditions change to retain the same charac-
teristics, which are essential for discharge devices scaled to a variety of
dimensions.1–5 Discharge similarities can also be utilized to reduce the
number of independent discharge parameters and group discharges at
different scales, which provides the possibility of making confident
parameter predictions of a prototype device from scaled ones.6 Early
work on gas discharge similarity was contributed by Townsend,7

Holm,8 von Engel,9 Margenau,10 and others.11–13 Similarity transfor-
mations and scaling laws have been applied to glow discharges,14–16

streamers,17,18 pulsed discharges,19,20 and magnetohydrodynamic plas-
mas.21 The general idea of the scaling method is to correlate the exter-
nal process parameters and output parameters, which is very useful for
obtaining a first insight into plasma characteristics.22 Yasuda proposed
macroscopic scaling parameters for analyzing plasma polymerization
processes in the 1970s.23,24 Rutscher further developed and expanded

Yasuda’s method by introducing the concept of chemical equilibria
expressed as reactor parameters in the 1980s.25 Hegemann et al.
proposed a unified macroscopic scaling (an Arrhenius type of scaling
formula) for plasma polymerization in the 2000s, the limitations of
which, such as the missing dependence on pressure, were discussed by
von Keudell and Benedikt in 2010.22,26–28 Nevertheless, scaling laws
and similarity techniques are important tools for understanding
discharge phenomena in novel or extreme regimes, which in more
recent years are receiving growing interest in exploring the scalability
of discharges at various scales.29–32

Similar discharges are generally obtained if a physical parameter
Gðx; tÞ at corresponding spatial and temporal points is transformed
linearly between the first and the kth gap

Gðx1; t1Þ ¼ ka G½ �Gðxk; tkÞ; (1)

where k ¼ x1=xk ¼ t1=tk is the scaling factor (this factor need not be
an integer and can be less than one) and a½G� is the similarity factor.33
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Typical similarity factors include a½J� ¼ a½ne� ¼ a½ni� ¼ �2 for cur-
rent density J, electron density ne, and ion density ni; a½E� ¼ a½p�
¼ a½v� ¼ �1 for electric field E, gas pressure p, and ionization degree
v; a½v� ¼ a½e� ¼ 0 for species velocity v and energy e; and a½k�
¼ a½d� ¼ a½t� ¼ 1 for mean free path k, gap dimension d, and
time t.34 More commonly, combined parameters Gc having a½Gc� ¼ 0,
such as the reduced electric field E=p (proportional to the mean elec-
tron energy E=p / Ek � ee) and the reduced gap length pd (propor-
tional to the collision number pd / d=k � Ncoll), are used as
similarity invariants to measure other parameters, such as Townsend’s
ionization coefficient aiz=p ¼ f ðE=pÞ and Paschen’s law describing
the breakdown voltage Vb ¼ f ðpdÞ.35–38

To date, however, similarity laws mostly manifest themselves
with the local field or local energy approximations.6,7,17,34–38 In this
scenario, the electron transport coefficients are treated as functions of
the local electric field, and the electron energy transport is described
with the local mean electron energy.39 For radio frequency (rf) dis-
charges at rather low pressures (e.g., in the mTorr range), electron
kinetics is highly nonlocal since the electron energy relaxation length
is much larger than the gap dimension; local approximations are no
longer valid since electrons are mainly energized through stochastic
heating (nonlocal).40–43 The nonlocal concept was mostly developed
by Tsendin and has been applied to a wide variety of gas discharges,
including capacitive rf discharges.44–46 Although the low-pressure rf
discharges have been extensively investigated, the physics of similarity
for rf discharges in nonlocal regimes and the electron kinetic dynamics
under similar discharge conditions are rarely studied.

In this work, we report the fully kinetic simulation results that
unambiguously demonstrate the similarity of rf discharges in nonlocal
kinetic regimes. It is found that similar discharges can be obtained in
various scaled gaps at a given rf voltage amplitude when the gas pres-
sure, inverse of gap dimension, and rf driving frequency are simulta-
neously changed by the same scaling factor. The scaling relations of
fundamental discharge parameters and the invariance of electron
kinetics in similar discharges are illustrated. This work strengthens the
theoretical framework of discharge similarities, showing promising
application potentials in correlating discharge devices scaled to a
variety of dimensions. The rest of the paper is organized as follows. In
Sec. II, the simulation method is described and the similarity relations
for the electron density and the ionization degree are shown. In
Sec. III, we first demonstrate the similarity features of the spatiotempo-
ral electron heating rates in scaled gaps. Then, we interpret the elec-
tron kinetic invariance in similar discharges based on the scaling of
the electron Boltzmann equation. The similarities of electron impact
ionization rate and electron flux are also compared. Finally, conclud-
ing remarks are given in Sec. IV.

II. SIMULATION METHOD AND SIMILARITY SCALING

Simulations for the nonlocal rf discharges are performed in argon
with the particle-in-cell/Monte Carlo collision (PIC/MCC, 1d3v)
method47,48 (see the supplementary material in Ref. 48 for the Astra
code benchmark with Ref. 49 and the other details). We account for
the elastic, excitation, and ionization for electron–neutral collisions,
and the elastic scattering and charge exchange for ion–neutral colli-
sions.50,51 The applied voltage across two parallel-plate electrodes is
Vrf ðtÞ ¼ 300 � sinð2pftÞ(V), where f ¼ 1=T is the rf driving fre-
quency with T the rf period. The discharges are capacitively coupled

and unmagnetized. Discharge condition parameters ðp; d; f Þ are
tuned with the scaling factor k ¼ pk=p1 ¼ d1=dk ¼ fk=f1 from the
first to the kth gap, i.e., pk ¼ k � p1, d�1k ¼ k � d�11 , and fk ¼ k � f1, as
shown in Fig. 1(a). In the simulations, the time step is Dt ¼ T=1000
and the grid size is Dx ¼ d=200. The rf discharges are in the alpha
mode; secondary electrons are neglected since at low pressures they
are mostly ballistic and their effect is generally small compared to the
energetic electrons generated by stochastic heating.52,53 For each case,
several thousand rf cycles are simulated to obtain the steady state. For
comparison, the first gap (k ¼ 1) with p1 ¼ 5 mTorr, d1 ¼ 10 cm,
and f1 ¼ 13:56MHz is considered as the base case.

In weakly ionized plasmas, the electron energy relaxation length
ke can be estimated by

ke ¼ kel
2me

M
þ 2
3

eexc
kBTe

� �
�exc
�m
þ 2
3

eiz
kBTe

� �
�iz
�m
þ 3

�iz
�m

� ��1=2
; (2)

where kel is the mean free path of elastic collisions, me and M are the
electron and neutral masses, respectively; eexc and eiz are the excitation
and ionization threshold (unit in eV) of the gas neutral, respectively;
�m, �exc, and �iz are the collision frequencies for momentum transfer,
excitation, and ionization, respectively.54,55 For the considered cases,
ke (e.g., for the base case ke � 221:45 cm with kBTe ¼ 2 eV) is much
larger than the gap dimension, indicating discharges operating in non-
local kinetic regimes.

The steady-state electron density and scaled ionization degree
from the PIC simulations as the scaling factor k increases from 1 to 10
are shown in Fig. 1(b). Theoretical electron densities are predicted
from the base case using Eq. (1) with a½ne� ¼ �2, i.e., k�2neðkÞ
¼ neð1Þ. The simulated electron densities for scaled gaps are in good
agreement with the theoretical predictions. Note that since k ¼ fk=f1
in our cases, we have similarity relation as neðkÞ=f 2k ¼ neð1Þ=f 21 ,
implying the conventional frequency scaling for electron density

FIG. 1. (a) Schematic of rf discharges in scaled gaps and the discharge condition
parameters (p, d, f) are tuned through the scaling factor k ¼ pk=p1 ¼ d1=dk
¼ fk=f1; for the base case: k¼ 1 and ðp1; d1; f1Þ ¼ (5 mTorr, 10 cm, 13.56MHz);
(b) electron densities from the PIC simulations are in good agreement with theoreti-
cal predictions, indicating k�2neðkÞ ¼ neð1Þ; the scaled ionization degree is con-
stant from k¼ 1 to 10, indicating k�1vðkÞ ¼ vð1Þ.
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neðkÞ / f 2k , which has been verified in previous studies both numeri-
cally and experimentally.56–60 However, the frequency scaling with p
and d unchanged is generally less rigorous and valid only in limited
regimes although the electron density has weaker dependencies on the
gas pressure and gap dimension than on the frequency within the
same parameter scaling range.58–61 At lower frequencies most of
the low-pressure rf discharges has the plasma density in orders of
1015–1016 m�3 (see the probe diagnostics by Godyak et al.62,63),
whereas the plasma density becomes much higher toward the high fre-
quency regime [a plasma density of 1017 m�3 has been measured at
67.8MHz and Vrf¼ 200V (Ref. 64)]. Our simulation predictions are
consistent with the tendency of experimental measurements (e.g.,
Semmler et al.60) as the frequency increases.

The scaled ionization degree k�1v (where v ¼ ne=Nn with Nn

being the gas neutral number density) is constant, which also confirms
the similarity relation for the ionization degree, i.e., k�1vðkÞ ¼ vð1Þ.
Here we emphasize the physical meaning of pd and f =p, which are
kept invariant in the simulated cases. The former represents the elec-
tron collision number across the gap; the latter, f =p / f =�coll
¼ T�1=s�1coll � N�1coll (�coll ¼ s�1coll / p is the electron collision
frequency), indicates the inverse number of electron collisions during
one cycle.65,66 The two invariants can only on average imply propor-
tional collisions in scaled discharge gaps. The simulation results explic-
itly present the scaling relations of the discharge parameters at steady
state without electron kinetic assumptions.

III. RESULTS AND DISCUSSION

To explicitly demonstrate the discharge similarity features, we
obtained the spatiotemporal evolutions of the electron dynamics for
considered cases. The spatiotemporal electron heating rates are calcu-
lated for discharges in scaled gaps with k¼ 1, 5, and 10 from
Peðx; tÞ ¼ Jeðx; tÞ � Eðx; tÞ, where Jeðx; tÞ and Eðx; tÞ are the spatio-
temporal electron current density and electric field, respectively. The
similarities of the electron heating rates are shown in Figs. 2(a)–2(c)
where the coordinates are normalized. The maximum electron heating
rates are 2.72� 104, 3.49� 106, and 2.70� 107 W�m�3 for k¼ 1, 5,
and 10, respectively; their ratio is 1: 5.043: 9.983 (very close to 1: 53:
103), demonstrating a k�3 scaling, i.e., Peðx1; t1Þ ¼ k�3Peðxk; xkÞ. This
scaling also holds for the minima of Je � E that are negative, which
indicates electrons are cooling. The spatiotemporal electron heating
rates are oscillating, which is caused by the interactions between slow
bulk electrons and energetic beam electrons during the sheath expan-
sion.67–69 The key is that the heating oscillation modes are maintained,
having a proportional Je � E during the rf period. It can be further
extrapolated that the spatiotemporal scaling relations Jeðx1; t1Þ
¼ k�2Jeðxk; tkÞ and Eðx1; t1Þ ¼ k�1Eðxk; tkÞ hold for the electron cur-
rent density and the electric field, respectively. Figure 2(d) shows the
overlapping of the scaled time-averaged electron heating k�3ðJe � EÞ,
illustrating the scaling of the total electron power absorption in one rf
period. The results unambiguously demonstrate dynamical similarities
of the electron heating processes in nonlocal kinetic regimes in which
electrons are mainly energized through stochastic rather than Ohmic
heating.

The intrinsic mechanisms for maintaining similar discharges
largely depend on electron kinetic behaviors. Figure 3 presents the
normalized electron energy probability functions (EEPFs) at the
gap center (x ¼ d=2) for four cases with parameter-control studies.

Figure 3(a) shows the temporal EEPF of the base case ðp; d; f Þ
¼ (5mTorr, 10 cm, 13.56MHz). The temporal behavior of the EEPF
is symmetric during the positive and negative half-cycles. In Fig. 3(b),
keeping p and f unchanged but reducing d to 5 cm, the EEPF evolution
shows a phase shift, and the high energy tails become more pronounced.
The decreased pd value alters the periodic events of collisions while the
larger electric field in the sheath makes electrons gain higher energy pen-
etrating the bulk. In Fig. 3(c), keeping f still unchanged, we choose
p¼ 10 mTorr and d¼ 5 cm to have the same pd value as in Fig. 3(a).
The EEPF shows obvious truncations in the high energy tails [compared
to Fig. 3(b)], which is due to the increased pressure that results in a
smaller reduced electric field and correspondingly a relatively low mean
electron energy. In Fig. 3(d), with k ¼ 10 and ðp; d; f Þ simultaneously
tuned, we choose ðp; d; f Þ ¼ (50 mTorr, 1 cm, 135.6MHz) to have the
same pd and f =p as the base case. It can be observed that the temporal
EEPFs in Figs. 3(a) and 3(d) are the same, which explicitly demonstrates
the invariance of electron kinetics in similar discharges.

FIG. 2. Spatiotemporal distributions of electron heating rate Je�E in gaps with the
scaling factor (a) k¼ 1 (the base case) and (p, d, f)¼ (5 mTorr, 10 cm, 13.56MHz),
(b) k¼ 5 and (p, d, f)¼ (25 mTorr, 2 cm, 67.80 MHz), (c) k¼ 10 and (p, d, f)¼ (50
mTorr, 1 cm, 135.6 MHz), respectively; (d) time-averaged spatial distributions of the
electron heating rate scaled with k�3 are overlapping with k¼ 1, 5, and 10,
respectively.
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The comparison of the time-averaged EEPFs at the gap center is
shown in Fig. 4. For the cases with k¼ 1, 5, and 10, the discharge con-
dition parameters are completely scaled, and the three bi-Maxwellian
EEPFs are overlapping, which also implies that the kinetic invariance
holds both for the slow electrons in the bulk and the energetic elec-
trons accelerated by the expanding sheaths. The comparison case [cf.:
(5 mTorr, 5 cm, 13.56MHz), corresponding to Fig. 3(b)] is presented
to show a deviation when the discharge condition parameters are not
completely scaled. It thus can be confirmed that EEPFs are maintained
in similar discharges even in the nonlocal kinetic regimes.

Similarity laws were previously derived in weakly ionized dis-
charge regimes by assuming the field equations being invariant, which
however cannot self-consistently illustrate the electron kinetic invari-
ance.33 Here we interpret the kinetic similarities from the scaling of
the electron Boltzmann equation, which is expressed as

@fe
@t
þ v � rxfe �

eE
me
� rvfe ¼

X
j

Cej fefj; vej; rejðvejÞ
� �

; (3)

where fe ¼ f ðx; v; tÞ is the electron spatiotemporal velocity distribu-
tion, e is the elementary charge, and Cej is an integral collision term for
the interaction between electrons and species j, depending on the rela-
tive velocity vej, the collision cross section rejðvejÞ, and the distribu-
tions of electrons and species j (fe and fj).

12,39 The collision term
generally consists of electron–neutral (Cen), electron–ion (Cei), and
electron–electron (Cee) collisions with j ¼ n, i, and e, respectively. In
weakly ionized discharges, Coulomb collisions are not important and
have less impact on the electron kinetics.70 Considering the dominant
electron–neutral collisions and dividing Eq. (3) with p3, we have

@ðfe=p2Þ
@ðptÞ þ v � rðpxÞðfe=p2Þ �

eðE=pÞ
me

� rvðfe=p2Þ

¼ Cen
fefn
p3
; ven;renðvenÞ

� �
; (4)

where fn is not much perturbated in weakly ionized discharges. Since
a½Nn� ¼ a½p� ¼ �1 and Nn ¼

Ð
fnd

3v, we have a½fn� ¼ �1. The com-
bined parameters pt, px, and E=p are similarity invariants and
a½pt� ¼ a½px� ¼ a½E=p� ¼ 0. Thus, to retain the invariance of Eq. (4),
fe=p2 should be an independent invariant (or equivalently a½fe� ¼ �2).
Considering a½ne� ¼ �2 [confirmed in Fig. 1(b)], we can obtain that
the normalized electron velocity distribution function fe=ne is also an
invariant since a½fe=ne� ¼ a½fe� � a½ne� ¼ 0. According to the velocity
to energy transformation

ffiffi
e
p

gEEPFðeÞde ¼ 4pv2feðvÞ=nedv and a½e�
¼ a½v� ¼ 0 (similarity factors for energy and velocity), we have
a½gEEPFðeÞ� ¼ 0, which indicates that the EEPFs should be correspond-
ingly the same in similar discharges. The invariance of the electron
energy distributions has been experimentally shown in two similar
pulse-modulated discharges at higher pressures although the interpre-
tations, assuming feðvÞ close to the spherical form, are for a different
type of scaling.13,16 Our simulation results and the scaling analysis of
the electron Boltzmann equation explicitly demonstrate the invariance
of EEPF in low-pressure rf discharges, which confirms the applicability
of similarity laws in nonlocal kinetic regimes.

As aforementioned, discharge similarities can be largely affected
by the collision processes.19,34 Considering a½ne� ¼ �2 and a½t� ¼ 1,
we have a½@ne=@t� ¼ �3 for the electron growth rate from Eq. (1).
Thus, more generally, for completely similar discharges, the produc-
tion rate @n=@t of the charged particle in the first and kth gap should
follow

@n=@tð Þ1 ¼ k�3 � @n=@tð Þk: (5)

A specific process is considered linear if Eq. (5) is satisfied;
otherwise, it is nonlinear.71 The reaction rate for the electron impact
ionization is Riz ¼ Kizne � Nn, where the ionization coefficient Kiz

¼
ffiffiffiffiffiffiffiffiffiffiffi
2=me

p Ð1
0 erizðeÞgEEPFðeÞde is invariant in similar discharges

owing to the invariance of electron kinetics. Therefore, the electron
impact ionization rate should follow a k�3 scaling since a½Riz�
¼ a½ne� þ a½Nn� ¼ �3 from Eq. (1). Figure 5 shows spatiotemporal
distributions of the ionization rate normalized with the neutral gas
number density Riz=Nn and the electron flux Ce with k ¼ 1 and 10,
respectively. It can be seen that Riz=Nn and Ce both obey a k�2 scaling
(i.e., a½Riz=Nn� ¼ �2). Since a½Nn� ¼ �1, one can conclude that in

FIG. 4. Time-averaged EEPFs in similar discharge cases with k¼ 1, 5, and 10,
respectively. A comparison case [cf.: (p, d, f)¼ (5 mTorr, 5 cm, 13.56MHz), corre-
sponding to Fig. 3(b)] shows a deviation when the discharge condition parameters
are not completely scaled.

FIG. 3. Temporal evolutions of the normalized EEPFs gEEPFðeÞ (unit in eV�3/2) at
the gap center (x ¼ d=2). (a) The base case: (p, d, f)¼ (5 mTorr, 10 cm,
13.56MHz); (b) control case with d tuned: (p, d, f)¼ (5 mTorr, 5 cm, 13.56MHz);
(c) control case with p and d tuned: (p, d, f)¼ (10 mTorr, 5 cm, 13.56MHz); (d) sim-
ilar discharge gap with k¼ 10 and (p, d, f) simultaneously tuned: (p, d, f)¼ (50
mTorr, 1 cm, 135.6 MHz).
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similar discharges the ionization rate Riz obeys the k�3 scaling (i.e.,
a½Riz� ¼ �3), as illustrated in Eq. (5). The electron flux scaling shows
a k�2 scaling (i.e., a½Ce� ¼ �2), which also confirms the aforemen-
tioned current density scaling Jeðx1; t1Þ ¼ k�2Jeðxk; tkÞ. The EEPF
invariance and the scaling of the ionization growth jointly achieve the
dynamically similar discharges during one rf period.

Our results demonstrate the rigorously maintained similarities of
the rf discharges in nonlocal regimes when the nonlinear reactions are
rare. However, some of the limitations of the illustrated scaling rela-
tions should be noted. At higher pressures, the stepwise ionization and
three-body collisions become important, which could cause deviations
(also with dependence on the scaling factor) from the theoretical simi-
larity relations.34 For practical applications, the rf power required to
sustain the discharge and the load impedance seen by the driving
circuit should be correspondingly the same in compared systems. It
should also be noted that two geometrically similar systems may not
be ideally scaled due to possible manufacturing defects; a deviation
may also occur if the fringing effects on the electric field in two systems
are not maintained. At very high frequencies, electromagnetic effects
(e.g., standing wave and skin depth effects)72–75 that could significantly
affect the plasma behaviors, specifically for large-area reactors, are not
considered, which require further investigations. As for electrode
surface processes, thermionic and field electron emissions may cause
the violation of the discharge similarities, which are not common for
typical low-temperature rf plasmas; the inclusion of secondary electron
emission would not compromise the similarity laws.34 However, con-
sidering the discharge transition of alpha to gamma mode,76–79 one
may only expect two discharges to be similar if they are operating in
the same mode. Based on previous studies and this work, the similarity
laws are validated for discharges in the local and nonlocal regimes,
which are also expected to hold for the transition regime unless the
fundamental processes conflict with the similarity requirements. By
means of the similarity transformations, gaseous discharge devices
could be effectively tuned to achieve targeted operations with varia-
tions in the dimension, pressure, and frequency domains. The similar-
ity laws can also be employed with a scale reduction to improve the

computation efficiency for large-scale simulations that are originally
expensive.80

IV. CONCLUSION

We have demonstrated the similarities of rf discharges in nonlo-
cal regimes based on the PIC/MCC simulations. Similar discharges
were obtained in various scaled gaps at a constant rf voltage amplitude
when the gas pressure, inverse of gap dimension, and rf driving fre-
quency are simultaneously changed by the same scaling factor. The
invariance of electron kinetics in similar discharges was confirmed,
which was consistently interpreted based on the scaling of the electron
Boltzmann equation. The results advanced the framework and appli-
cability of similarity transformations without the requirement of the
local field or local energy approximations being valid. Although possi-
ble limitations exist under certain conditions, the similarity transfor-
mations in the extended kinetic regimes indicate promising
application potentials in correlating various discharge devices scaled to
a variety of dimensions. Future work will include the effects of poten-
tially existing nonlinear dynamical mechanisms on the similarity phys-
ics to further broaden the relevant applications.
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