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ABSTRACT

Multipactor is a much studied resonant AC discharge that is harmful to microwave components and circuits. There is substantial current
interest in this topic because of its threat to satellite communications. In this paper, an analytical transmission line model is presented to assess
the effects of multipactor, should it happen, on the distortion of a signal. The model is applicable to any input signal (analog or digital) once
the electron multipactor current it causes is specified. Examples using planar and coaxial transmission lines are given on a simple dynamical
model of the multipactor current. Single and multitone signals are treated, with some results presented in the In-phase and Quadrature plots.
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I. INTRODUCTION

Multipactor is a radio frequency (RF) discharge, which threatens
telecommunications systems, high power microwave sources, and
accelerator structures. Under certain conditions, multipactor may dis-
sipate power, degrade performance, increase system noise, and in the
worst scenario, lead to the complete destruction of the microwave
components.1,2

In recent years, the restricted frequency spectrum and the clut-
tered satellite orbits require a single spacecraft to perform the same or
enhanced functions, which previously required several satellites.3 This
necessitates complex multifrequency operation for a much enlarged
orbital capacity and mission. High power RF payload is required,
which significantly increases the threat of multipactor. The degrada-
tion of signal quality has become a major concern.3,4 Signal distortion
and unwanted frequencies may be generated actively, for example,
by multipactor,5–12 or passively,13 by the nonlinear electrothermal
effect,14 dirty contacts,15 or ferroelectric materials inherent to the
microwave components.16 This paper proposes a method to quantify
the effects of multipactor on the quality of the signal that propagates
along a transmission line (TL). We note that this work is different
from previous studies17–21 where the main focus there was establishing
the “threshold” for multipactor; here, we assume that multipactor is
already initiated by some process and observe how this will affect the
signal to be transmitted. The algorithm is applicable to any complex
signal once the multipactor current is specified. We illustrate the use

of this procedure with examples, using both a parallel plate transmis-
sion line (e.g., Refs. 1, 2, 8, 11, 19, and 22) and a coaxial transmission
line (e.g., Refs. 9, 10, 17, 18, 20, 21, and 23–27).

Given the right conditions (RF fields, geometry, etc.), a stray elec-
tron born from various processes (e.g., cosmic rays) may initiate multi-
pactor discharge. Since we are mainly interested in the effects of
multipactor on the signal quality, we assume that the multipactor has
not reached the level to cause significant loading of the RF structure.
That is, the multipactor, generated by the complex signal, causes a
small perturbation on the wall current of the RF structure, which then
contaminates the signal quality at the output.28 We quantify this pro-
cess using a transmission line model. The evolution of the multipactor
current is highly complex. It is model dependent and is treated sepa-
rately, an example of which is given in Sec. III. Once the multipactor
current is specified, either from analytical modeling or simulation
results, our algorithm immediately yields its effect on signal quality,
for a general complex signal.

In Sec. II, we explicitly calculate the effects on the complex signal
due to a time-dependent multipactor current that is generated at some
position along the transmission line through which the signal propa-
gates. In Sec. III, we concentrate on the highly idealized, but nontrivial
model of multipactor current on a coaxial transmission line, where
single surface and two-surface multipactor can simultaneously
occur.29–31 In Sec. IV, we present numerical examples, in which the
signal may contain multiple frequencies, with some results displayed
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in the In-phase and Quadrature (I-Q) plots. Section V gives conclud-
ing remarks.

II. THE TRANSMISSION LINE MODEL

The transmission line model is shown in Fig. 1. The transmission
line is assumed to be lossless and has characteristic impedance Z0.
Mismatches are allowed at the source (at z¼ 0) and load (at z¼ l)
through their termination impedances, ZS and ZL, respectively. The
complex signal is modeled by the voltage source VS(t) located at
z¼ 0�. Multipactor is modeled as a local current source, Im(t), that is
placed at z ¼ zm along the transmission line. Once VS(t) and Im(t) are
specified, the voltage V z; tð Þ on the transmission line may be calcu-
lated explicitly. We write

V z; tð Þ ¼ V1 z; tð Þ þ V2 z; tð Þ; (1)

where V1 z; tð Þ is the voltage due only to the input signal VS (i.e., no
multipactor) andV2(z, t) is the voltage perturbation due to multipactor
current, Im. We show in Appendix A that, for all values of z between 0
and l,
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(5)

In these equations, RS and RL are the reflection coefficients at the
source and load, respectively, v is the phase speed of the traveling wave

on the line, taken here to be the speed of light in vacuum, V þð Þ
2 is the

contribution from the portion of the multipactor current that origi-

nally propagates to the right of zm, and V
�ð Þ

2 is the contribution from
the portion of the multipactor current that originally propagates to the
left of zm. Regardless of the complexity in VS(t) and Im(t), the contami-
nation of the signal by multipactor at the load is given explicitly by
V2ðl; tÞ in Eq. (3). Note that if there is a spatial distribution of multi-
pactor current along the transmission line, a simple superposition of
Eq. (3) would yield the signal degradation from such a spatial distribu-
tion of multipactor current. Thus, in Sec. III, we give an explicit calcu-
lation, for a coaxial transmission line model, of the multipactor
current, Im(t) that is restricted to the axial position zm.

III. A MULTIPACTOR MODEL

In this section, we shall concentrate on the formulation of multi-
pactor in a coaxial transmission line. The much simpler case of a pla-
nar transmission line will be commented on toward the end of this
section. The temporal evolution of the multipactor current caused by
an electron that is initially located in a coaxial transmission line at
z¼ zm is a very complex problem. An accurate description requires
these considerations: the initial velocity of the electron, initial phase of
the RF electric field of the complex signal that it experiences, the subse-
quent electron trajectory, the type of multipactor (both the single
surface and two-surface can simultaneously occur in a coaxial trans-
mission line), the order of the multipactor, the impacting energy and
impact angle for the generation of secondary electrons, the model for
secondary electron yield, and the distribution of the secondary electron
emission velocity. The induced wall current, modeled by Im(t) in Fig. 1
and due to the motion of the multipacting electrons, is then obtained
from the Ramo-Shockley Theorem.32 Inclusion of all of these complex
features would require a 3-dimensional particle-in-cell code.

To make some progress in the understanding, we use an analyti-
cal formulation and make the following assumptions: (a) all secondary
electrons are emitted from a surface with monoenergetic initial
velocity; (b) all electron motions are purely radial; (c) the electrons are
modeled as an infinitesimally thin cylindrical shell, located in the
immediate vicinity of z ¼ zm, where it executes radial motion; (d) the
acceleration on this cylindrical shell is calculated by assuming that it
has a long axial length, subject to the instantaneous voltage V1 zm; tð Þ
due to the complex signal [cf. Eq. (2)]. The additional force due to the
image charges of the cylindrical shell may then be much more readily
accounted for; (e) upon impact on a surface, the incident electron shell
is removed, and a new one is released whose charge density (and mass
density) is multiplied by d, the secondary yield coefficient according to
a modified Vaughan model,33,34 and there is no time delay in the emis-
sion of secondary electrons; (f) the wall current, Im(t), is calculated by
the Ramo-Shockley Theorem32 when the electron shell is in transit.

There are deficiencies on each of the assumptions. Here, we only
note that the use of the electron sheet model to calculate Im(t), in par-
ticular in the image charge forces and in the application of the Ramo-
Shockley Theorem, has been used in previous studies of two-surface
multipactor.2,11,23,24 Similar electron sheets have also been adopted in
the study of single surface multipactor on a dielectric surface.12,35–37

Our 1D model here (for illustrative purposes) restricts us to a slice of
parameter space. A more accurate description of reality would

FIG. 1. Transmission line model to analyze the effects of multipactor on the quality
of a signal.
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necessitate the use of a full 3-dimensional particle-in-cell code, where
we expect the multipactor threshold to be shifted because of the added
degrees of freedom in motion for secondary electron yield (e.g., elec-
trons are no longer impacting the surface at normal incidence and
hence at full energy). The use of V1 zm; tð Þ in assumption (d), in the
form of Eq. (2), means that the multipactor current is assumed to be at
a sufficiently low level; it has not caused any significant change in the
input signal throughout.

A similar electron sheet model for multipactor in a coaxial geom-
etry was adopted by Udiljak et al.23 and by Sorolla et al.24 We shall use
it here, with some similar parameters. The force law for this electron
sheet reads (for the coaxial geometry)

me
d2q0

dt2
¼ 1

q0
K1ln

q02

ab

� �
� K2V tð Þ

� �
; (6)

where K1 ¼ e2NeðtÞ
4p�0 lln b

að Þ
and K2 ¼ e

ln b
að Þ
, q0 is the radial location of an

electron (massme, charge-e) in the electron sheet, a and b are the radii
of the inner and outer coaxial line, respectively, V(t)¼ V1 zm; tð Þ is the
time-varying voltage waveform at the location of multipaction, due
only to the input signal [cf. Eq. (2)], and Ne ¼ NeðtÞ is the number of
electrons in the electron sheet, which changes when the sheet (of pri-
mary electrons) impacts the inner or outer conductor and secondary
electrons are released. In the RHS of Eq. (6), the first term is the image
charge term due to the electron sheet (This term is referred to as the
“space-charge” term in the literature, but it is more accurately called
the “image charge” term because it does not take into account mutual
space-charge repulsion.), and the second term is due to the time-
varying electric field of the signal. The multipactor current, Im(t) in
Fig. 1, may then be determined using the Ramo-Shockley Theorem
(for coaxial geometry)32 as

Im tð Þ ¼ eNe tð Þ

log
b
a

� � 1
q0 tð Þ

dq0

dt
: (7)

Equation (3) then explicitly gives the contamination of the input signal
by multipactor due to the multipactor current, Im(t).

For a planar transmission line, the orbital equation (6), and the
expression for the multipactor current, (7), may be easily obtained by
letting both a and b tend to infinity, withD¼ b� a approaching a finite
value (D is the spacing between the parallel plate transmission lines).

IV. NUMERICAL EXAMPLES

We consider several examples here as a demonstration of the
model. In these examples, we assume that the secondary electron emis-
sion coefficient, d, is governed by a modified Vaughan model,33,34 cor-
rected to better capture the low energy impacts below the threshold
energy (where reflections of the primary electrons from the surface
become exceedingly important). The threshold energy Ethreshold itself is
also allowed to vary to fit the experimentally determined first crossover
energy E1 for the material of the electrodes. The emission of secondary
electrons from the surface is monoenergetic (E0). The maximum sec-
ondary electron yield is dmax, occurring at impact energy Emax of a pri-
mary electron.

First, we will look at a simple planar case. We will then look at
single-surface and two-surface coaxial multipactor. In the two-surface

case, we will consider both a single-tone signal and then a dual-tone
signal with different frequency separations between the two tones. In
all of the examples, the source voltage has the form: VS tð Þ ¼ VS;max

sin x1tð Þ þ bsin x2t þ cð Þ
� 	

, initiating a voltage on the line at z¼ 0þ

with the form V tð Þ ¼ VRF sin x1t þ að Þ þ bsin x2t þ aþ cð Þ
� 	

, with
two frequencies x1 (first tone) and x2 (second tone). Here, b and c
are the relative amplitude and phase of the second tone to the first and
a is the launch phase of the electron with respect to the voltage signal
of the first tone (to account for the phase of the multipacting elec-
trons). From Fig. 1, we find VRF ¼ Z0

Z0þZS
VS;max. The effect of the

multipactor current will be monitored at the output, z¼ l.
The parameters for the planar case are tabulated in Table I. The

main results are shown in Fig. 2. Figure 2(a) shows the transmitted
signal without any errors. Figure 2(b) shows the error in the signal
voltage at the load due to localized multipactor at z ¼ zm. Note that
the multipactor current saturates; this saturation is due to space-
charge.22,24 Figure 2(b) shows that max V2ð Þ � 2V, so multipactor
introduces an �0.6% error to the signal, amplitude-wise. This voltage
waveform due only to multipactor may be decomposed into an “I
(In-phase)” component (which is in phase with the original signal)
and the orthogonal “Q (Quadrature)” component (see Appendix B). A
parametric plot showing the temporal evolution of these two compo-
nents is given in Fig. 2(c). Figure 2(c) containing this “I-Q” plot is
another graphical representation of the error introduced by multipac-
tor: at any point on the plot, the amplitude of the error is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2 þ Q2
p

relative to the pristine case (the origin) and the phase of the error is
the angle measured from the I-axis. To help in relating the error in the
voltage signal due to multipactor [Fig. 2(b)] to its I-Q representation
[Fig. 2(c)], two time markers that mark important events have been
placed in both figures. It should be noted that the I-Q diagram in Fig.
2(c) exaggerates the period up until multipactor saturates. “I” oscillates
with time, while “Q” increases with time until multipactor saturation.
At saturation, Q is near constant while I continues to oscillate in time
with a reduced period.

We next consider the coaxial transmission line, a more compli-
cated case. The parameters for single-surface multipactor are tabulated
in Table II; the results are shown in Fig. 3. Two-surface multipactor
may also occur in a coaxial setup; a test case for such a phenomenon is
shown in Table III with the corresponding results in Fig. 4. Finally,
coaxial systems with dual-tone signals are also studied. The setup
looked at here is based on the two-surface setup in Table III with some

TABLE I. Tabulation of parameters for a test case with a planar transmission line.

Planar transmission line parameters

Circuit Dimensions Material

VS,max 350 V D 0.22 cm dmax 1.2
f 1 GHz A 0.25 cm2 Emax 400 eV
zm 0.3 m
l 0.5 m Multipactor electrons
Z0 ¼ ZS ¼ ZL 50 X Ne(t ¼ 0) 1.4 � 106

E0 0 eV
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minor adjustments presented in Table IV. The main results for the
two-tone signal study are shown in Figs. 5 and 6.

Similar to Fig. 2, Fig. 3 shows the voltage waveforms that result
from a sinusoidal input into the transmission line without multipactor

(blue) and the resulting perturbation due to the signal-induced local-
ized multipactor (red). The characteristic waveform due to multipactor
is a direct result of the single-surface multipactor exhibited by this sys-
tem [the trajectories of these electrons are also shown in Fig. 3(c)]. In
Fig. 3(d), there is a jump from the pristine case at t¼ 0. The reason is
because we are inspecting the perturbation from multipactor at the
output (z¼ l), but multipactor has already started distorting the signal
in the finite propagation time between its initiation at z ¼ zm and its
arrival at the output. Amplitude-wise, multipactor here introduces a
maximum of�3% error to the signal, but it is also evident that there is
phase modulation in addition to amplitude modulation (as is the case
with all of the examples shown here).

Figure 4 shows the growth of the electron population and the
corresponding current in the system of two-surface coaxial multipac-
tor over the time span of 2 ls. The growth, transition to saturation,
and saturation may be seen in these plots. A scatterplot of the electron
impact energy with the outer and inner electrodes is also shown;
davg > 1 due to the asymmetry of the coaxial system, favoring the
outer electrode in terms of impact energy. The three distinct regions of
multipactor growth, transition to saturation, and saturation may also

FIG. 2. Transmission line voltage at the output z¼ l as a function of time for the planar transmission line (cf. Table I). (a) The signal voltage without multipactor (blue) and (b)
the voltage perturbation due to multipactor (red). (c) I-Q plot of the normalized error due to multipactor. Two time markers (black) are shown in (b) and (c).

TABLE II. Tabulation of parameters for a test case with single-surface multipactor in
a coaxial transmission line.

Coaxial transmission line parameters: single-surface multipactor

Circuit Dimensions Material: silver

VS,max 2400 V a 5mm dmax 2.22
f 3 GHz b 10mm Emax 165 eV
zm 0.1 m E1 30 eV
l 1 m Multipactor electrons kh, kE 1, 1
Z0 ¼ ZS ¼ ZL 41.56 X Ne(t ¼ 0) 106 Ethreshold 17 eV

E0 0 eV
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be seen in the plot of the time evolution of the error due to multipactor
in the voltage signal waveform. It is interesting to note that the voltage
waveform here is similar to the planar case in Fig. 2 (which also exhib-
ited two-surface multipactor) with the exception of the asymmetry in

amplitude due to the asymmetry in radial particle motion in this coax-
ial system. A rough estimate (inspecting amplitude) gives an �5%
error to the signal due to multipactor.

Figures 5 and 6 capture the main results of the coaxial case
with a dual-tone signal as an input. When the frequency separation
between the two tones is 1MHz, multipactor is suppressed38 after a
relatively brief amount of time, as evidenced by Fig. 5. There is a
very insignificant burst of multipactor error early in time before
decaying to zero. However, when the frequency separation between
the two tones is increased to 10MHz, multipactor grows as can be
seen in Fig. 6. A look at the scatterplot of impact energy on the elec-
trodes as a function of time suggests a periodic pattern, matching
the beat wave generated by the two tones. In terms of the error
introduced by multipactor, the voltage perturbation is sporadic,
coming in bursts but never decaying to zero. The multipactor elec-
trons in the sheet also exhibit a combination of single-surface
and two-surface trajectories. For the I-Q plots, the error introduced
to each tone individually is given in Figs. 5(d) and 6(f) (cf. last
paragraph of Appendix B).

FIG. 3. Single-surface coaxial multipactor test case results (cf. Table II): (a) the voltage waveform of the signal without multipactor (blue) at the output; (b) the voltage waveform
of the perturbation due to multipactor (red) at the output; (c) a plot of the multipactor electron sheet trajectory at the location of multipaction. Note how the electrons never reach
the inner electrode; (d) I-Q plot of the normalized error due to multipactor. Two time markers (black) are shown in (b), (c), and (d).

TABLE III. Tabulation of parameters for a test case with two-surface multipactor in a
coaxial transmission line.

Coaxial transmission line parameters: two-surface multipactor

Circuit Dimensions Material: silver

VS,max 120 V a 1mm dmax 2.22
f 1 GHz b 2mm Emax 165 eV
zm 0.3 m E1 30 eV
l 1 m Multipactor electrons kh, kE 1, 1
Z0 ¼ ZS ¼ ZL 41.56 X Ne(t ¼ 0) 1 Ethreshold 17 eV

E0 0.3 eV

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 26, 112114 (2019); doi: 10.1063/1.5125408 26, 112114-5

Published under license by AIP Publishing

https://scitation.org/journal/php


FIG. 4. Two-surface coaxial multipactor test case results (cf. Table III): (a) the growth of the multipactor electron population, including multipactor saturation, is shown;
(b) a plot of the impact energy on both the outer and inner electrodes as a function of time is shown; (c) the plot shows a sample of the electron sheet trajectory, demon-
strating explicit two-surface multipactor; (d) a log-log plot of the multipactor current as a function of time also shows the growth and saturation of multipactor; (e) the time
evolution of the error in voltage is given. Note the asymmetry in the amplitude; (f) I-Q plot of the normalized error due to multipactor. Two time markers (black) are shown
in (a), (e), and (f).
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V. CONCLUDING REMARKS

In this paper, the effects of signal-induced localized multipactor
on a signal that propagates along a transmission line have been

analyzed. A closed form, time-domain solution is obtained in terms of
the localized multipactor current. It was first applied to a single-tone,
two-surface multipactor in a planar transmission line. For the more
complicated coaxial geometry, single-tone, single-surface, and two-

TABLE IV. Tabulation of parameters for a test case with a dual-tone signal in a coaxial transmission line.

Coaxial transmission line parameters: dual-tone multipactor (b ¼ 1, c ¼ 0)

Circuit Dimensions Material: silver

f 1 GHz a 1mm dmax 2.22
zm 0.3 m b 2mm Emax 165 eV
l 1 m E1 30 eV
Z0 ¼ ZS ¼ ZL 41.56 X Multipactor electrons kh, kE 1, 1

Ne(t ¼ 0) 1 Ethreshold 17 eV
E0 0.3 eV

Df ¼ 1MHz
VS,max 63 V

Df ¼ 10MHz
VS,max 66.25 V

FIG. 5. Two-surface coaxial multipactor with two-tone signals of 1 MHz separation test case results (cf. Tables III and IV): the time evolutions of the (a) original signal (blue)
and the (b) error in voltage (red) are given; (c) the decay of the multipactor electron population is shown; (d) I-Q plots of the normalized error due to multipactor. A time marker
(black) is shown in (b) and (d).
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surface multipactor cases were investigated, followed by an extension
to a two-tone case. In all cases regardless of geometry and signal drive,
it was found that the error on the signal due to multipactor has a mag-
nitude roughly proportional to the multipactor current induced by the
original signal. Both the amplitude and phase modulation were appar-
ent in the distorted signal after multipactor was introduced. In the
parameter space investigated here, the perturbation amplitude due to

multipactor was at most a single-digit percentage of the original trans-
mission line signal. Nevertheless, in the course of this study, it was
found that there is a subtle boundary between appreciable and over-
whelming multipactor. For example, in the two-tone cases keeping all
parameters constant and changing only the RF voltage amplitude (not
shown), there was a very sharp boundary between multipactor as seen
in Figs. 5 and 6 and overwhelming multipactor that completely

FIG. 6. Coaxial multipactor with two-tone signals of 10 MHz separation test case results (cf. Tables III and IV): the time evolutions of the (a) original signal (blue) and the (b)
error in voltage (red) are given. Note the sporadic nature of multipactor in (b); (c) the growth of the multipactor electron population is shown; (d) a plot of the impact energy on
both the outer and inner electrodes as a function of time is shown; (e) a sample plot of the electron trajectory is also given, showing a mix of single-surface and two-surface
multipactor; (f) I-Q plots of the normalized error due to multipactor. A time marker (black) is shown in (b) and (f).
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destroyed the signal (>100% of voltage signal amplitude). The most
severe case seen was in Fig. 6, where a �1% change to VS,max led to
overwhelming multipactor. We also found that in the two-tone case,
multipactor can be suppressed or be made sporadic depending on the
frequency separation of the tones.

Since the major emphasis of this paper is in the effects of multi-
pactor on the signal quality, we assume that the multipactor does not
significantly distort the signal (i.e., loading is unimportant). Nor do we
consider the startup condition in any detail. We simply assumed that a
seed electron exists somewhere on the transmission line and it is
subjected to an instantaneous complex signal. The calculation of the
multipactor current is an enormously complicated task. The electron
trajectory, and its subsequent generation of secondary electrons, is
highly model dependent. The results depend not only on the complex
signal, they are also highly dependent on the secondary electron yield
model, the assumed secondary electrons’ initial velocity distribution,
the transmission line geometry, and the mutual interaction among the
multipacting electrons. Thus, the generation of the multipactor current
Im(z, t) needs to be done separately, e.g., from a separate numerical
code, or a numerical code branded with analytical models. Once Im(z,
t) is obtained, its effect on signal quality may be immediately applied
using Eq. (3) or its straightforward extensions. In this sense, our model
is rather general. While this paper only considers analog signals, it
would be of interest to apply to digitally modulated (discrete) signals,
and to investigate how multipactor, should it occur, may affect the I-Q
(In-phase, Quadrature) components (constellation diagrams) of a digi-
tal signal. Future work may also include allowing for impedance mis-
matches in the source and load to analyze the effects of reflections on
multipactor stability and carrier cross coupling.
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APPENDIX A: DERIVATION OF THE TRANSMISSION
LINE MODEL

In this Appendix, the combined effects on a complex signal by
a multipactor current and by the end reflections of a transmission
line (TL) into which the complex signal is launched will be studied.
Equations (1)–(4) of the main text will be derived. The setup is the
same as in Fig. 1 of the main text.

We assume that the complex waveforms of the voltage source,
VS(t), and the multipactor current, Im(t), are specified. They become
ideal voltage and current sources in Fig. 1. The voltage V(z, t) on
the TL may then be obtained explicitly, in closed form, by superpo-
sition. Since VS(t) and Im(t) are assumed to be ideal voltage and cur-
rent sources, we may decompose the voltage V(z, t) on the TL in
the manner shown in Eq. (1), where V1(z, t) is the voltage on the
TL due to the voltage source VS(t) alone, setting Im(t) ¼ 0, as shown
in Fig. 7(a), and V2(z, t) is the voltage on the TL due to the current
source Im(t) alone, setting VS(t) ¼ 0, as shown in Fig. 7(b). We will
show below that V1(z, t) is given by Eq. (2) and that V2(z, t) is given
by Eq. (3), for arbitrary VS(t) and Im(t).

A. Calculation of V1(z, t)

For a general complex voltage source VS(t), as shown in Fig.
7(a), we may first consider the impulse response by assuming
VS tð Þ ¼ d tð Þ; where d tð Þ is the Dirac delta function. The Green’s
function thus obtained consists of a single impulse that propagates
back and forth along the TL between z¼ 0 and z ¼ l. At time
t¼ 0þ, the voltage pulse (at z ¼ 0þ) does not see the load imped-
ance ZL (since it takes a time t ¼ l=v to reach the load where v ¼ c,
the light speed on the lossless TL). Thus, the voltage source initially
sees the circuit shown in Fig. 8, and the voltage divider relation
gives the voltage, V z ¼ 0þ; tð Þ ¼ Z0

Z0þZS
d tð Þ; t 2 ð0; l

vÞ. This voltage
pulse travels down the TL undisturbed and thus has the form

V z; tð Þ ¼
Z0

Z0 þ ZS
d t � z

v

� �
; z 2 0; lð Þ; t 2 0;

l
v

� �
: (A1)

Note that for t> 0, the voltage source has a zero value, i.e., it
becomes a short circuit, as the voltage source is a delta function (for
the Green’s function that we are now considering). So for t> 0, the
TL in Fig. 7(a) is modeled in Fig. 9, on which a forward propagating
voltage pulse has been launched. After a transit time (l/v), this ini-
tial voltage impulse reaches the load and is reflected, with the

FIG. 7. (a) Transmission line circuit without the multipactor current source but with
the voltage source. (b) Transmission line circuit without the voltage source but with
the multipactor current source.

FIG. 8. Voltage divider circuit that the voltage pulse initially sees.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 26, 112114 (2019); doi: 10.1063/1.5125408 26, 112114-9

Published under license by AIP Publishing

https://scitation.org/journal/php


reflection coefficient RL given by Eq. (5b) of the main text. This
reflected voltage pulse is then described by

V z; tð Þ ¼
Z0

Z0 þZS
RLd t� 2l

v
þ z
v

� �
; z 2 0; lð Þ; t 2 l

v
;
2l
v

� �
: (A2)

As this reflected pulse reaches the left end of the TL, z¼ 0, it will be
further reflected with reflection coefficient, RS, at the source given
by Eq. (5a) of the main text. This reflected voltage pulse traveling to
the right is thus

V z; tð Þ ¼
Z0

Z0 þ ZS
RLRSd t � 2l

v
� z
v

� �
; z 2 0; lð Þ; t 2 2l

v
;
3l
v

� �
:

(A3)

This “bouncing back and forth” between the source and load due to
impedance mismatches will continue indefinitely. See Fig. 9.

Combining Eqs. (A1)–(A3), and the subsequent pulses, the
Green’s function for V1(z, t) becomes

G z; tð Þ ¼
Z0

Z0 þ ZS
d t � z

v

� �
þ RLd t � 2l

v
þ z
v

� �(

þ
X1
n¼1

RLRSð Þnd t � 2nl
v
þ z
v

� �� �

þ
X1
n¼1

RL RLRSð Þnd t � 2 nþ 1ð Þl
v

� z
v

� �� �)
: (A4)

For the general voltage source VS(t) [Fig. 7(a)], we may immediately
write down the closed form solution for the voltage V1 z; tð Þ on the
TL, using the Green’s function (A4),

V1 z; tð Þ ¼
Z0

Z0 þ ZS
Vs t � z

v

� �
þ RLVs t � 2l

v
þ z
v

� �(

þ
X1
n¼1

RLRSð ÞnVs t � 2nl
v
þ z
v

� �� �

þ
X1
n¼1

RL RLRSð ÞnVs t � 2 nþ 1ð Þl
v

� z
v

� �� �)
; (A5)

which is Eq. (2) of the main text. In the curly bracket of Eq. (A5),
the first term represents the first forward traveling wave, the second
term represents the first reflected wave from the load, the first infi-
nite sum represents all subsequent rightward propagating waves

that are reflected by the mismatches at the source, and the last infi-
nite sum represents all subsequent leftward propagating waves that
are reflected by the mismatches at the load.

B. Calculation of V2(z, t)

For a general current source Im(t), as shown in Fig. 7(b), we
may again first consider the impulse response by assuming Im tð Þ
¼ d tð Þ; where d tð Þ is the Dirac delta function. The Green’s function
for V2(z, t) thus obtained consists of two impulses that propagate
back and forth on the TL between z¼ 0 and z ¼ l. At time t¼ 0þ,
the current pulse (at z ¼ zm) does not see the load impedance ZL
nor the source impedance ZS. It only sees a TL of impedance Z0 to
its right, and another TL of the same impedance to its left (a current
divider). Thus, this current pulse splits into two equal parts at
t¼ 0þ, one part traveling to the left of z ¼ zm, and an equal part
traveling to the right of z ¼ zm.

Note that for t> 0, the current source has a zero value, i.e., it
becomes an open circuit at z ¼ zm, as the current source is a delta
function (for the Green’s function that we are now considering). So
for t> 0, the TL in Fig. 7(b) is again modeled in Fig. 9, on which
two voltage impulses of equal amplitude propagate in opposite
directions, from z ¼ zm. We have already solved for the back and
forth propagation of an impulse voltage on the TL shown in Fig. 9.
The two impulse voltages propagating in opposite directions (ini-
tially) just require some book keeping. Analogous to Eq. (A5), we
then obtain the closed form solution for the voltage V2 z; tð Þ on the
TL for a general current source Im(t) [Fig. 7(b)],

V2 z; tð Þ ¼
Z0

2
Im t þ zm

v
� z
v

� �
þ RLIm t þ zm

v
� 2l

v
þ z
v

� �(

þ
X1
n¼1

RLRSð Þn Im t þ zm
v
� 2nl

v
þ z
v

� �� ��

þRLIm t þ zm
v
� 2 nþ 1ð Þl

v
þ z
v

� ���

þ Z0

2
Im t � zm

v
� z
v

� �� �
þ RSIm t � zm

v
� 2l

v
þ z
v

� �� �(

þ
X1
n¼1

RLRSð Þn Im t � zm
v
þ 2nl

v
þ z
v

� �� ��

þRSIm t � zm
v
þ 2 nþ 1ð Þl

v
� z
v

� ���
; ðA6Þ

which is Eq. (3) of the main text. The aforementioned Green’s function
for V2 z; tð Þ is given by Eq. (A6) with Im(t) being replaced by d(t). In
Eq. (A6), the first curly bracket represents the current pulse that initially
propagates to the right of z ¼ zm, and the second curly bracket repre-
sents the current pulse that initially propagates to the left of z ¼ zm.

APPENDIX B: DEFINITION OF THE “I” AND “Q”
COMPONENTS

In this Appendix, we define the normalized error vector in
terms of the in-phase (I) and quadrature (Q) components that are

FIG. 9. Transmission line model that a delta-function voltage pulse sees for t> 0
[Fig. 7(a)]. It is also applicable if the transmission line is excited by a delta-function
current pulse [Fig. 7(b)].
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displayed in Figs. 2–6. For the single frequency case of Figs. 2–4, the
unperturbed (pristine) signal is V1ðz ¼ l; tÞ, denoted as

f tð Þ ¼ Acos xt þ uð Þ; (B1)

with amplitude A, frequency x, and phase u. The perturbation to
this signal due to multipactor is V2ðz ¼ l; tÞ, denoted as Df tð Þ. The
I and Q components of the normalized error vector for this single
frequency case are defined to be

I tð Þ �

ðtþT
t

Df t0ð Þ � f t0ð Þdt0

ðtþT
t

f 2 t0ð Þdt0
¼

ðtþT
t

Df t0ð Þ � Acos xt0 þ uð Þdt0

ðtþT
t

A2cos2 xt0 þ uð Þdt0

¼ 2
AT

ðtþT
t

Df t0ð Þ � cos xt0 þ uð Þdt0; (B2a)

Q tð Þ �

ðtþT
t

Df t0ð Þ � Asin xt0 þ uð Þdt0

ðtþT
t

f 2 t0ð Þdt0

¼ 2
AT

ðtþT
t

Df t0ð Þ � sin xt0 þ uð Þdt0; (B2b)

where T ¼ 2p=x. When a steady state occurs in the multipactor
current, as in Figs. 2 and 4, the I and Q quantities are strongly cor-
related upon using the above definitions, as shown in Figs. 2(c) and
4(f). We have changed T to 2T and 3T in Eqs. (B2a) and (B2b) and
found that I and Q were unaffected.

When the input signal has multiple tones, as in Figs. 5 and 6,
we calculate the in-phase and quadrature components of the signal
perturbation, Df tð Þ ¼ V2 z ¼ l; tð Þ; again using Eqs. (B2a) and
(B2b), in which f tð Þ represents each tone individually. Thus, the
effect of the perturbation on each tone is computed, which is shown
in Figs. 5(d) and 6(f).
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