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ABSTRACT

We verify the similarity law (SL) and show a violation of frequency scaling (f-scaling) in low-pressure capacitive radio frequency (rf) plasmas
via fully kinetic particle-in-cell simulations. The SL scaling relations for electron density and electron power absorption are first confirmed in
similar rf discharges. Based on these results, with only the driving frequency varied, the f-scaling for electron density is also validated,
showing almost the same trend as the SL scaling, across most of the frequency regime. However, violations of the f-scaling are observed at
lower frequencies, which are found to be relevant to the electron heating mode transition from stochastic to Ohmic heating. Electron kinetic
invariance is illustrated for the SL and f-scaling being valid, respectively, whereas the electron kinetic variation is observed when the f-scaling
is violated.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0029518

Low-pressure radio frequency (rf) plasmas have attracted contin-
uously growing attention due to their widespread applications.1–5 In
the past few decades, studies on the dynamical electron kinetics in rf
plasmas have been extensively conducted to understand the funda-
mental discharge mechanisms, which provide the basis for the control-
lability and predictability of the discharge behaviors under different
conditions.6–9 Applied rf voltage Vrf, gas pressure p, gap distance d,
and driving frequency f are key parameters for tuning plasma proper-
ties, and various scaling laws are investigated with focus on the dis-
charge dependence on the tuning parameter, revealing the effects of
the gas pressure,10–12 gap dimension,13–16 and driving frequency17–19

on the discharge behaviors. It has been generally recognized that for a
given rf discharge chamber, tuning the driving frequency is an effective
method to control the plasma density and the ion flux, which
are essential for practical applications.20,21 The frequency scaling
(f-scaling) established the dependence of plasma density, sheath width,
and power absorption on the rf driving frequency, which was verified
by Surenda et al.22 and Vahedi et al.23 The f-scaling is also confirmed
to be applicable for dual frequency and asymmetric capacitive rf
discharges.24,25 More recently, the effects of the driving frequency on

the plasma density and the electron heating dynamics are still of broad
interest.26–28 However, understanding the validity of the scaling char-
acteristics and their transition to possible violation regimes remains
incomplete.

In this work, we verify the similarity law (SL) and show a viola-
tion of the f-scaling in low-pressure capacitive rf plasmas via particle-
in-cell/Monte Carlo collision (PIC/MCC, 1d3v) simulations. First, the
SL scaling relations for electron density and electron power absorption
are confirmed under similar discharge conditions. Then, with only the
driving frequency varied, we show that the f-scaling for electron den-
sity holds approximately the same scaling as the SL scaling, whereas
violations of the f-scaling are observed at lower frequencies.
Spatiotemporal and time-averaged distributions of the electron density
and electron power absorption as well as the electron energy probabil-
ity functions (EEPFs) under SL and f-scaling conditions are illustrated
with comparative analysis, presenting explicit scaling features of the rf
plasmas.

The SL method is usually used to established parameter scaling
in similar discharges, which are usually generated in gaps of different
dimensions but geometrically similar.29,30 When similar discharges are
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obtained, a physical parameter G at the corresponding spatial and
temporal points can be transformed between the original and scaled
gaps by

Gðx1; t1Þ ¼ ka G½ �Gðxk; tkÞ; (1)

where k ¼ x1=xk ¼ t1=tk is the scaling factor (this factor does not need
to be an integer and can be less than one) and a½G� is the similarity fac-
tor for parameter G.31,32 For similar rf discharges, discharge condition
parameters scale as k ¼ pk=p1 ¼ d1=dk ¼ fk=f1, keeping f =p and pd
the same. Thus, from Eq. (1), we have a½x� ¼ a½t� ¼ a½d� ¼ 1 for the
position, time, and gap distance, and a½p� ¼ a½f � ¼ �1 for gas pressure
and driving frequency. Also, parameters having a½G� ¼ 0, such as pd
and f =p, are called similarity invariants. The most common similarity
factors are a½ne� ¼ a½Je� ¼ �2 for electron density ne and electron cur-
rent density Je, a½E� ¼ �1 for electric field E, and a½ee� ¼ a½ue� ¼ 0 for
electron energy ee and electron velocity ue in similar discharges.29–32

The simulations are performed with argon at 300K, accounting
for three electron-neutral collisions (elastic, excitation, and ioniza-
tion scattering) and two ion-neutral collisions (isotropic and back-
ward scattering).33 The custom developed electrostatic PIC code,
ASTRA, is used for all the simulations.33,34 The rf plasmas are
between two parallel-plate electrodes and geometrically symmetric,
as shown in Fig. 1. In the SL scaling cases, the gas pressure, gap dis-
tance, and driving frequency are simultaneously changed, whereas
in the f-scaling cases, the gas pressure and gap distance are fixed
and only the driving frequency is tuned. The rf voltage waveform
Vrf ðtÞ ¼ 300 � sin ð2pftÞ½V�, where f is the driving frequency with
T being the rf period, is connected to the powered electrode
(x¼ 0), while the bottom electrode (x¼ d) is grounded. Secondary
electron emission (SEE) induced by incident ions is considered
and the SEE coefficient is 0.1; the electron reflection probability is
zero for all the conditions. Electromagnetic effects (e.g., standing
wave effect1,2) are not included, which are beyond the scope of this
work.

Figure 2 shows the time-averaged electron density at the center
of the gap in rf discharges at steady state and the scaling factor k is
from 1 to 10. In Fig. 2(a), ½pk; dk; fk� are under the SL conditions and
tuned through the scaling factor k from the base case ½p1; d1; f1�
¼ ½0:67 Pa; 10 cm; 13:56MHz� with k¼ 1. The electron densities
from PIC simulations with and without SEE both agree well with the

theoretical SL prediction, showing a straight line with a slope of two in
the log –log plot, which exactly confirms the electron density scaling,
k�2neðkÞ ¼ neð1Þ, in similar discharges. The electron density propor-
tional to k2 can be understood through a fluid analysis from the elec-
tron continuity equation, which is expressed as

@ne
@t
þ @ðneueÞ

@x
¼ KizneNg ; (2)

where Kiz is the electron impact ionization rate coefficient and Ng is
the neutral gas number density (Ng / p). By dividing Eq. (2) with k3,
we have

@ðk�2neÞ
@ðktÞ þ

@ðk�2neueÞ
@ðkxÞ ¼ Kizðk�2neÞðk�1NgÞ; (3)

where kt, kx, ue, and k�1Ng are similarity invariants. From Eqs. (2)
and (3), we can see that ne / k2 can be naturally satisfied when the
discharges are similar, which have the same fundamental processes
and can be described by the same equation. This scaling holds gener-
ally, not limited to rf discharges. However, it still assumes the same
EEPF in the fluid model, and thus Kiz is treated as a constant, not per-
turbed by the EEPF variation, in the compared systems. It is a simpli-
fied way to understand the fundamentals of the SL scaling, while a
more exact analysis based on the scaling of the electron Boltzmann
equation can be found in Ref. 32.

For the f-scaling shown in Fig. 2(b), we choose two cases (k¼ 1
and k¼ 10) from Fig. 2(a), and the driving frequency f¼ fk is swept
one order of magnitude greater for ½p1; d1� and smaller for ½p10; d10�,
respectively. With ½p1; d1� fixed and fk increased, the electron density
scaling to the frequency ratio k ¼ fk=f1 closely follows the SL scaling
under all the studied conditions, which verified the f-scaling for elec-
tron density neðkÞ / k2 or equivalently neðkÞ / f 2k .

23,25 For the case
with ½p10; d10� fixed but fk decreased, the electron density first follows

FIG. 1. Illustration of the rf discharge models. Under SL conditions, the gas
pressure, gap distance, and driving frequency are simultaneously changed by a
scaling factor k ¼ pk=p1 ¼ d1=dk ¼ fk=f1, while under f-scaling conditions, the
gas pressure and gap distance are fixed and the driving frequency is tuned by
k ¼ fk=f1.

FIG. 2. (a) Verification of the SL scaling for the time-averaged electron density at
the gap center with and without SEE; ½p1; d1; f1� ¼ ½0:67 Pa; 10 cm; 13:56MHz� is
the base case with k¼ 1. (b) Illustration of the f-scaling for electron density with
½p1; d1� ¼ ½0:67 Pa; 10 cm�, which holds approximately the same dependence on
k ¼ fk=f1 as the SL scaling does (dashed line), whereas violations of the f-scaling
are observed for ½p10; d10� ¼ ½6:7 Pa; 1 cm� at lower frequencies.
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the SL scaling but then departures from the f-scaling at lower frequen-
cies with lower plasma densities. Interestingly, although the gas
pressure and the gap distance are not tuned as the SL scaling does, the
f-scaling holds the same scaling for electron density, expect for
½p10; d10� at lower frequencies. It is also worth noting that the electron
densities with ½kp1; d1=k; fk� are very close to those with ½p1; d1; fk�,
which also implies that the rf plasma density will not be much altered
when the f-scaling holds and ½p; d� are tuned dependently, keeping
pd ¼ constant. Within the same degree of parameter variation, the
plasma density is generally more sensitive to the driving frequency
than to the gas pressure and gap distance.7,35 However, a different
selection of ½p; d� inevitably alters the range of the similarity invariant
f =p (or fd), which will result in a strong impact on the validity regime
of the f-scaling.

To show more detailed features of the scaling, we present the spa-
tiotemporal evolutions of the electron density under the SL and
f-scaling conditions in Fig. 3. Under the SL conditions, as shown in
Figs. 3(a)–3(c), electron density evolutions with k ¼ 10, 5, and 2 are
almost the same when the axes are normalized in both space and time.
The maximum electron densities are 2:38� 1017 m�3, 6:00
�1016 m�3, and 9:45� 1015 m�3 for k ¼ 10, 5, and 2, respectively.
One can also find that the scaled maximum electron density k�2neðkÞ
is almost the same, which equals 2:38� 1015 m�3 with the relative
standard deviation of less than 1%. The results imply that the SL den-
sity scaling holds rigorously in both space and time domains. As for
the f-scaling, electron density evolutions for fk ¼ 67.8MHz, 33.9MHz,
and 27.12MHz are shown in Figs. 3(d)–3(f) with [p10, d10]¼ [6.7 Pa,

1 cm] fixed. As the driving frequency decreases, the sheath width
becomes much larger and, accordingly, the plasma bulk shrinks obvi-
ously. As shown in Fig. 2(b), the f-scaling holds for fk ¼ 67.8MHz and
33.9MHz but is violated for fk ¼ 27.12MHz. However, the scaling of
the spatiotemporal electron density does not hold as the SL scaling
does since the discharge structures are different. In particular, in
Fig. 3(f), the electron density profile becomes zigzag, without a station-
ary quasi-neutral bulk plasma, which could be accompanied by varia-
tions in the electron heating dynamics.

Figure 4 shows the electron power absorption calculated through
Je � E, corresponding to the cases shown in Fig. 3. Similarly, it is
observed that the electron heating evolutions are nearly rigorously
maintained under the SL conditions, even for the oscillation features
[see Figs. 4(a)–4(c)], which are caused by non-local beam electrons
adjacent to the sheath edge.28 The maximum and minimum electron
heating rate divided by k3 are almost the same. The results indicate
that k�3 � Je � E is an invariant in similar discharges, which can also be
consistently obtained from Eq. (1) since a½Je � E� ¼ a½Je� þ a½E� ¼ �3.
In Figs. 4(d)–4(e), as the driving frequency decreases, the electron
heating rate decreases significantly, and the Je � Emagnitude is roughly
proportional to k3 (or equivalently / f 3k ), close to the SL scaling.
However, in Fig. 4(f), the Je � E magnitude significantly deviates from
the SL scaling prediction, and also the Je � E profile becomes very dif-
ferent from the typical rf discharges. It is not straightforward to con-
firm the scaling when the distribution and the magnitude are changing
simultaneously. Therefore, we analyze the results by time averaging
them in the following.

FIG. 3. Spatiotemporal electron density (unit in m�3) under SL and f-scaling condi-
tions. Under the SL conditions (a)–(c), the scaling factors are (a) k ¼ 10, (b) k ¼ 5,
and (c) k ¼ 2, respectively; under the f-scaling conditions (d)–(f), [p10,
d10]¼ (6.7 Pa, 1 cm) is fixed and the driving frequencies are (d) fk ¼ 67.8 MHz, (e)
fk ¼ 33.9 MHz, and (f) fk ¼ 27.12MHz, respectively.

FIG. 4. Spatiotemporal electron power absorption (unit in W � m�3) under SL and
f-scaling conditions. Under the SL conditions (a)–(c), the scaling factors are (a)
k ¼ 10, (b) k ¼ 5, and (c) k ¼ 2, respectively; under the f-scaling conditions
(d)–(f), [p10, d10]¼ [6.7 Pa, 1 cm] is fixed and the driving frequencies are (d)
fk ¼ 67.8 MHz, (e) fk ¼ 33.9 MHz, and (f) fk ¼ 27.12MHz, respectively.

Applied Physics Letters ARTICLE scitation.org/journal/apl

Appl. Phys. Lett. 117, 204101 (2020); doi: 10.1063/5.0029518 117, 204101-3

Published under license by AIP Publishing

https://scitation.org/journal/apl


Considering that the electron power absorption mostly follows
the SL scaling, in Fig. 5, we show the scaled time-averaged electron
heating rate k�3 � Je � E for the analyzed cases. When the SL scaling is
valid, as shown in Fig. 5(a), the scaled time-averaged heating rate is
overlapping, which confirms the rigorously maintained SL scaling for
electron heating, Pe ¼ Je � E / k3. It also implies that the SL scaling is
expected at constant input power when the discharge volume is
proportional to k�3 in scaled devices for practical applications.
Figure 5(b) shows the scaled electron heating rates under f-scaling
conditions. While the magnitude of the scaled electron heating rate
k�3Pemax ¼ k�3 � Je � E is quite close, three curves at different frequen-
cies are distinguished by either the different sheath dimensions or the
distribution profiles. When the f-scaling is still valid with
fk¼ 67.8MHz (k ¼ 5) and fk¼ 33.9MHz (k ¼ 2.5), the averaged
sheath widths are about 20% and 38% of the gap dimension, indicating
the rf sheath scales inversely the frequency, i.e., s / f �1k (or equiva-
lently s / k�1), which is consistent with the previous work by Lee
et al.25 For the cases with fk¼ 67.8MHz (k ¼ 5) and fk¼ 33.9MHz
(k ¼ 2.5), the total electron power absorption per unit area can
be approximately estimated through the area of the triangle [see
Fig. 5(b)],

Pabs ¼ 2
ðd=2
0

Je � Edx � Pemax � s / k2; (4)

where Pemax / k3 is the maximum electron heating rate. The approxi-
mation in Eq. (4), though not rigorous, is a simplified way to express
the power scaling when the f-scaling holds and the electron heating is
mostly inside the time-average sheath region. Note that irregular dis-
tortions of the electron heating profile and potentially existing nonlin-
ear sheath dynamics, especially under narrower sheath conditions,10

may prohibit its validity; under such conditions, the integration should
be exactly calculated. Since k ¼ fk=f1 in our studied cases, the scaling
of the total electron absorbed power [Eq. (4)] follows the scaling rela-
tion Pabs / x2ðx ¼ 2pf Þ proposed by Lieberman et al. in Ref. 1.

Since the f-scaling is significantly violated for k ¼ 2 (27.12MHz),
we decompose the scaled electron power absorption, as shown in
Fig. 5(c), for more detailed examination. It can be observed that the
dominant time-averaged heating is Ohmic (collisional) rather than
stochastic (collisionless) heating and the non-Ohmic component is
even negative. This heating mode is also recently observed by Vass
et al. based on PIC simulations.36 The cause for this is generally due to
the attenuated component of the collisionless heating with the low
plasma density and the sufficiently wide sheath [see Fig. 3(f)]. The
electron power absorption due to the ambipolar field which usually
has a maximum at the sheath edge is vanishing [see Fig. 4(f)], which
leads to less deceleration of the energetic electrons and thus temporally
more symmetric electron temperature within the rf period, resulting in
the reduction of the collisionless heating on time average. The Ohmic
heating, though small in magnitude, is positive across the gap and
exhibits dominantly, while the collisionless components are mostly
canceled out on time average (see Ref. 36 for more details). Although
the observation of Vass et al. is at different pressures, this heating
mode transition can also be tuned by the driving frequency, along
with the violation of the f-scaling. Furthermore, from the point view
of the SL scaling law, the fundamental processes and discharge
mechanisms are maintained in similar discharges; therefore, when the
combined discharge condition parameters f =p and pd are kept corre-
spondingly the same, an observation of the dominant Ohmic heating
on time average could be generally expected in the sustained rf plas-
mas. Based on those results, by further tuning the individual parame-
ters, the heating mode transition can be identified in extended
parameter regimes, and thereby, the violation of the f-scaling can be
more effectively predicted.

The full space EEPFs under the SL and f-scaling conditions are
shown in Fig. 6. When the SL scaling is valid, the EEPFs with different
scaling factors are overlapping [see Fig. 6(a)], which confirms the

FIG. 5. Scaled time-averaged electron power absorption under different condi-
tions. (a) SL scaling holds with all the curves overlapping. (b) f-scaling holds for
fk ¼ 67.8 MHz (k ¼ 5) and 33.9 MHz (k ¼ 2.5) while is violated for
fk ¼ 27.12 MHz (k ¼ 2). (c) Decomposition of the scaled electron power absorp-
tion for fk ¼ 27.12 MHz, showing the dominant heating is Ohmic rather than
stochastic.

FIG. 6. (a) Under the SL conditions, EEPFs with k¼ 10, 5, and 2 are overlapping,
which confirms the electron kinetic invariance in similar discharges. (b) Electron
kinetic invariance is maintained when the f-scaling holds for fk ¼ 67.8 MHz and
33.9 MHz while is violated for fk ¼ 27.12 MHz with the EEPF having a more pro-
nounced boosted tail.
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electron kinetic invariance in similar discharges. Since the electron
energy having a½ee� ¼ 0 is a similarity invariant, the same EEPFs guar-
antee the same mean electron temperature and correspondingly the
same ionization rate coefficient [see Eqs. (2) and (3)] in compared sys-
tems, which maintained the similarity transformation for the electron
density rigorously.37 The high energy tails in the EEPF are generally
due to secondary electrons, which can be accelerated to the highest
energy corresponding to the maximum sheath voltage drop, Vrf plus a
plasma potential.5,38

For the f-scaling, as shown in Fig. 6(b), the EEPFs with
fk ¼ 67.8MHz and 33.9MHz are also overlapping, which could largely
exclude the parameter dependence on the electron temperature in
determining the scaling laws. However, when the f-scaling is violated,
for the case with fk ¼ 27.12MHz, the EEPF is much different and has
a more pronounced boosted tail in the high-energy region. As men-
tioned before, the plasma region at 27.12MHz is narrower, and the
transit time of the energetic electrons becomes less than the collision
time; thus, these energetic electrons are less effectively confined, which
are mostly ballistic and can be absorbed by the electrode without expe-
riencing a collision or energy loss. Compared to other cases, the
“collisionless” energetic beam-like electrons at 27.12MHz largely
preserve the kinetic energy during their lifetime, which boosts a more
pronounced high energy tail in the EEPF. The EEPF variation can be
also taken as an indicator to show the violation of the f-scaling.

Note that in this work, the SL scaling is only examined for the
low-pressure alpha mode rf discharges, in which the secondary
electron-induced heating and Ohmic heating are generally less impor-
tant. Although here the rf plasmas are in symmetric gaps, the SL
scaling is also expected to hold for asymmetrical rf discharges with
the fundamental processes maintained. The SL scaling is rigorously
maintained at low pressures, whereas at higher pressures, stepwise ion-
ization becomes important, which may cause deviations from the con-
firmed scaling. For electronegative rf plasmas, since negative ions and
ion-ion recombination are additionally considered and the discharge
mode could be rather different (e.g., drift-ambipolar mode39), the
applicability of the scaling laws should be further explored. As for the
electrode surface processes, an inclusion of an energy-dependent SEE
and non-zero electron reflection coefficient40,41 would not compro-
mise the SL scaling unless the electrodes are heated up and become
strongly emissive (e.g., thermionic emission42).

In summary, we have verified the SL scaling and shown the viola-
tion of the f-scaling in capacitive rf discharges through kinetic simula-
tions and comparative analysis. Under the SL conditions, the scaling
relations for discharge parameters are rigorously maintained. On the
basis of those results, we showed that with only the driving frequency
varied, the f-scaling holds almost the same parameter dependence as
the SL scaling. However, violations of the f-scaling are observed at low
frequencies, which were identified to be accompanied by the electron
heating mode transition, from the stochastic (collisionless) to Ohmic
(collisional) dominant heating regime. The electron kinetic invariance
is the most fundamental for achieving similar discharges, which is also
observed when the f-scaling holds but is violated when the f-scaling
breaks. This work explicitly illustrated the scaling validity and the vio-
lation mechanism relevant to the electron heating dynamics, which is
essential for determining the effectiveness and predictability of scaling
laws for rf plasma devices across a wide range of parameter regimes.
Since the electron kinetics are largely modulated by the discharge

conditions, we will also investigate the validity of the scaling laws with
respect to the transitions in dominant electron heating mode (e.g., the
alpha to gamma mode transition2,19), dc/rf hybrid or multi-frequency
discharges, and potentially existing nonlinear electron dynamics (e.g.,
plasma series resonance43) in the future work.
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