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Effects of temperature dependence of electrical and thermal conductivities
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We examine the effects of temperature dependence of the electrical and thermal conductivities on
Joule heating of a one-dimensional conductor by solving the coupled non-linear steady state electri-
cal and thermal conduction equations. The spatial temperature distribution and the maximum tem-
perature and its location within the conductor are evaluated for four cases: (i) constant electrical
conductivity and linear temperature dependence of thermal conductivity, (ii) linear temperature
dependence of both electrical and thermal conductivities, (iii) the Wiedemann—Franz relation for
metals, and (iv) polynomial fits to measured data for carbon nanotube fibers and for copper. For (i)
and (ii), it is found that there are conditions under which no steady state solution exists, which may
indicate the possibility of thermal runaway. For (i), analytical solutions are constructed, from which
explicit expressions for the parameter bounds for the existence of steady state solutions are
obtained. The shifting of these bounds due to the introduction of linear temperature dependence of
electrical conductivity (case (ii)) is studied numerically. These results may provide guidance in the
design of circuits and devices in which the effects of coupled thermal and electrical conduction are

important. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4964112]

I. INTRODUCTION

Joule heating limits the operation of most current carry-
ing components and devices, ranging from large high power
systems to nanoscale wires and devices. The coupled
thermal-electrical conduction problem is important for wire-
array Z-pinches,! power transmission lines,”> high power
microwave de:vice>s,3’4 and electrical contacts.”™ In a Z-
pinch, in particular, coupled thermal-electrical conduction is
responsible for an electrothermal instability.'®

Recent advancements in nanotechnology, the miniaturi-
zation of electronic devices, and the increase in density of
circuit integration make Joule heating increasingly impor-
tant to device performance and lifetime. The growing pack-
ing density and the power consumption of very large scale
integration (VLSI) circuits, in particular, have made thermal
effects one of the most important concerns of VLSI design-
ers.!! In micro-electro-mechanical (MEM) switches, the
durability of the devices is largely limited by Joule heating
at the contacting asperities.'>'? Coupled thermal-electrical
effects play important roles in current emission performance
as well as the stability of carbon nanofiber based field emit-
ters.'*"'7 There has also been interest in understanding and
controlling the local temperature increases within electri-
cally driven nanoscale wires and metallic interconnects.'®
Thermal stability is one of the key challenges in nanoscale
devices made of novel materials, such as graphene'® ' and
organic materials.**** In electrically pumped nanolasers for
chip-scale optical communications, thermal management is
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of crucial importance to realize
operation.”*>

Available 3D finite element simulation codes may be
used to compute the effects of coupled electrical and thermal
conduction with great accuracy. However, the parametric
dependences of the solution are difficult to determine from
such purely numerical calculations. Here, by using a very
simple 1D model, we aim to provide a better understanding
of the underlying physics and the influences of multiple
parameters on key properties of the solution, including the
maximum temperature and its location in the conductor.

In this paper, we evaluate the effects of temperature
dependence of the electrical and thermal conductivities on
the Joule heating of a one-dimensional (1D) conductor, by
solving the coupled non-linear steady state electrical and
thermal conduction equations. Section II provides the formu-
lation of our simple theory. Results and discussions are given
in Section III, where we have analyzed four cases: (1) con-
stant electrical conductivity and linear temperature depen-
dent thermal conductivity, (2) linear temperature dependence
of both electrical and thermal conductivities, (3) the
Wiedemann—Franz (WF) law, and (4) realistic examples for
carbon nanotube fibers (CNFs) and copper. A summary and
suggestions for future research are given in Section IV.

room temperature

Il. FORMULATION

Consider a one-dimensional (1D) conductor of length L,
which is held at temperatures 7 and T, at its ends, and
across which a voltage of Vj is applied. The steady state heat
conduction and electrical current continuity equations are,
respectively,
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where «(T,z) and o(T,z) are the temperature-dependent
thermal and electrical conductivities, respectively, and V(z)
is the potential, T(z) is the temperature, and z is the location
along the 1D conductor. The above equations are solved
with the following boundary conditions:

@3]

T(z=0)=T, (3a)
T(z=L)="T,, (3b)
$(z=0) =0, (30)
Pp(z=L)=V, (3d)
Combining Egs. (1), (2), (3c), and (3d), we have
% <K(T, z) fl—Z) + G(JT‘Z" 5 =0, (@)}

where J, = adV /dz = constant is the current density in the
conductor, which satisfies f()L (Je/o)dz = V.

For simplicity, we introduce the normalizations,
z=z/L, T = (T —T)/Ty, with To =T, if T; =T,, and
To=T,—T, if Ty # T2, V=V/Vy, &(T,z) = k(T,z) /Ko,
6(T,f) = G(T, Z)/O'(), o= O'Ov(%/KoTo, Jo = O'QV()/L, and
I, =1 /Jo. Note that the parameter o includes the informa-
tion about the boundary conditions in Egs. (32)—(3d). xo and
gy are constants to be defined below. Equation (4) becomes

d <}_€ dT> B an

dz\"dz) "’
where J, f()l dz/G =1, and the boundary conditions (Egs.
(3a) and (3b)) are

o)

T(z = 0) =0, (62)
F(s _ Oa lle = T2;
T<Z‘1)‘{1, FT) T, (6b)

Equations (5) and (6) are solved to give the steady-state solu-
tion for the coupled electrical-thermal conduction. In princi-
ple, they can be solved numerically for arbitrary temperature
dependence of electrical conductivity &(7,Z) and thermal

_ —1+\/<%)(a+n+2)2+1

Ty =
n

L(whenT, < Ty), O(whenT, > T»),
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conductivity (T,z). We focus on several special cases that
can be of practical importance. Note that if T} > T,, we have
To < 0, which means that decreasing (increasing) normal-
ized temperature 7 gives increasing (decreasing) absolute
temperature 7.

lll. RESULTS AND DISCUSSION

Case 1: Constant electrical conductivity and linear
temperature dependent thermal conductivity

For the special case of constant electrical conductivity,
0 = 0y, and linear temperature dependence of thermal con-
ductivity, k=19 +«'(T —T;), we have =1 and
Kk =1+nT, with n = K'Ty/xo. Note that 5 specifies the
slope of the temperature dependence of the thermal conduc-
tivity for given boundary temperatures. This case may not
sufficiently approximate physical materials in necessarily
large temperature range, but it can be solved analytically to
give a basic understanding of our model. Solving Egs. (5)
and (6) gives

A4+ Vomz(1—2) + 1
Vol =) if Ty = Ty;
T(:) = T
-1+ —noze +nlae+n+2)z+1 .
V-1 n(o+n+2) FT 4T,
n
(7a,b)

For the case of T| =T,, the temperature distribution
along the 1D conductor from Eq. (7a) is plotted in Fig. 1(a),
for various values of o and #. The maximum temperature
Tmax ls

T =l /441
max — )
n

ifTy =Ty, (8)

which always occurs at the center of the 1D conductor
Zmax = 0.5, as seen from Fig. 1(a). However, it is important
to note that the solution in Eq. (7a) becomes unphysical
when an < —4. This happens when T becomes such that
K < 0 at some location (e.g., Z,;4.) Of the 1D conductor. We
note that the absence of a steady state solution may or may
not indicate thermal runaway.?

For the case of T # T,, the temperature distribution
along the 1D conductor from Eq. (7b) is plotted in Fig. 1(b),
for various values of o and . When T # T,, the maximum
temperature is found from Eq. (7b) to be

if (1+2) <o T1#To (9a,b)

otherwise,

which occurs at Z,,, = (o0 + 17+ 2) /o when a(n + 2) < o2, and at Z,,,, = 0 or 1 otherwise. In the last case, the temperature
range along the 1D conductor is bounded by the temperature at two ends, [T, 7).
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FIG. 1. Steady state solution 7'(Z) and V (2) for (a) T; = T, from Eq. (7a), and (b) T} # T, from Eq. (7b), for various values of o and # in Case 1.

For T # T, the conditions for the existence of physical
steady-state solution in Eq. (7b) are

2
p< F27

lf_1§17<07
n

(10a)

2
az_w+m’

n

if n > 0. (10b)

These conditions are plotted in Fig. 2, where the “Lower
Bound” corresponds to (10a) and “Bounds” to (10b). Within
the bounds shown (grey area), it is ensured that ¥ > 0 for all
points along the 1D conductor. Outside the boundaries of
existence of solution in Fig. 2, ¥ becomes imaginary at cer-
tain location in z. Possible resulting time-dependent solutions
include thermal runaway, oscillation, or non-periodic,
bounded variation in time. Our model so far does not answer
the question of which one occurs. These issues will be stud-
ied in the future. Note that in the limit of # — 0, the RHS of
Eq. (10) becomes —(n + 2)*/n — —4 /5, which is the bound
for the case of T} = T, (2nd sentence after Eq. (8)). This is
expected since # — 0 indicates Tp = T, — T} — 0; thus, the
solution asymptotically approaches that of 77 = T,. In the
opposite limit of 5 — oo, —(7+2)*/n — —n, the bound
approaches o« > —n asymptotically.

Note that as long as the electrical conductivity is a con-
stant, & = 1, the current J, =1 is independent of the

. —— Lower Bound
X

6 . S

h Existence
<

Bounds

FIG. 2. Bounds for the existence of steady-state solution for Case 1 with
T, #T».

temperature in the conductor. Thus, the potential profile is
always V(E) = Z, for both cases of T; =T, and T; # T>, as
shown in Fig. 1.

Case 2: Linear temperature dependence of both
electrical and thermal conductivities

In this case, we assume both electrical and thermal con-
ductivities have linear temperature dependence, ¢ = gy
+0'(T —Ty) and k = Ko + &' (T — Ty ). After normalization,
we have ¢ = 1 + ¢T and ik = 1 + T, with ¢ = ¢'Ty /0y and
n = k'Ty/Kko. Since analytical treatments are no longer avail-
able, Equations (5) and (6) are solved numerically. In the
numerical calculation, the values of ‘j; s_o and J are found
iteratively until the correct boundary conditions are met.

As in Case 1, there exist bounds beyond which there is
no steady state solution for Egs. (5) and (6). These bounds
are found numerically by scanning « and # for a given &. The
results are shown in Fig. 3 for different values of &, for both
Ty =T, and T| # T,. Note that now solutions do not exist
when either k¥ < 0 or ¢ < 0. However, we limit the range of
our numerical calculation to only track down the lack of sol-
utions because of k¥ < 0 only, in order to compare the shifts
of the bounds with respect to those in Case 1. As seen in Fig.
3, the lower bounds experience an upper left (lower right)
shift for increasing (decreasing) value of ¢ for both Ty = T,
and T # T,, whereas the upper bounds (which only exist for
the case Ty # T,) experience an upper right shift. That is, all
the bounds shift towards o = 0 as ¢ increases. As we shall
see later (Fig. 5), increasing ¢ will increase the maximum
temperatures in the conductor; thus, || has to be reduced in
order to decrease the rate of Joule heating (cf. Eq. (5)) to
ensure the existence of a steady state solution. Note that the
bounds for ¢ = 0 in Fig. 3(b) are identical to those in Fig. 2.

The temperature and electric potential distribution along
the 1D conductor calculated from Egs. (5) and (6) is shown
in Figs. 4(a) and 4(b), for various values of o and ¢ with
n = 0. As ¢ increases, the maximum temperature increases.
For T} = T5, the maximum temperature always occurs at the
center of the conductor Z = 0.5. For Ty # T», the position
where maximum temperature occurs shifts towards z = 0.5
as ¢ increases. (See Figs. 5 and 6 for further details on these
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FIG. 3. Bounds for the existence of steady-state solution for case 2 with (a) T} = T, and (b) T} # T, for various values of .

quantities.) The normalized potential profile V (Z) is not sen-
sitive to o or #. For a given «, the current J.. is plotted as a
function of &, for various values of o in Figs. 4(c) and 4(d).
The value of J, increases with &. For & > 0, J.. increases as o
increases, whereas for ¢ < 0, J,. decreases as « increases.
The maximum temperature T ,,, is calculated numeri-
cally for different values of o, 7, and &, as shown in Fig. 5. In
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all the cases, we can see that |T,,,,| decreases as 7 increases;
this is because the increasing thermal conductivity & will
make the generated heat conducted away more easily. |T]
increases as |o| increases, since the rate of heating increases
with || (cf. Eq. (5)). It is also clear that |T},,| increases as ¢
increases, since the current (thus the power) will increase in
the conductor because of larger electrical conductivity &.
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FIG. 4. Steady state solution T(Z) and V(Z) obtained from Egs. (5) and (6) for (a) T; = T, and (b) T # T, for various values of & and & for y = 0. The corre-

sponding current J.. as a function of ¢ for (¢) Ty = T, and (d) T} # T>.
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FIG. 5. Maximum temperature T, for various values of o and ¢ = 0 (left) and for various values of ¢ and o = =3 (right). Both the cases, T} = T, (top) and
T # T, (bottom) were plotted. The lines in (a) and (c) are from Egs. (8) and (9), respectively, and the symbols are from numerical calculation.

Note that negative values of « correspond to T, < T;. For
the special case of ¢ = 0, the numerical calculations in Figs.
5(a) and 5(c) give almost identical results obtained analyti-
cally from Eqgs. (8) and (9).

For T} = T», the maximum temperature always occurs
at Z,, = 0.5 because of symmetry. For T| # T,, we plot
Zmax VS 1 in Fig. 6. It is apparent that z,,,, is located in the
region of 0 < Z,, < 0.5 when o <0 (i.e., Ty > T5), and
within 0.5 < Z,e <1 when o >0 (e, T <T2). Zna
becomes closer to 0.5 (the center) as || increases. AlSo, Z
becomes closer to 0.5 when either # decreases or ¢ increases.

1 1
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0.8 H;*’:‘MQW 0.8+

0.6 | 0.6 1
3 —analytic
© numeric

Zmax
Iy
1l
o

0.4t

02t

For the special case ¢ =0, the numerically obtained Z,,,
gives almost identical results from the analytical solution,
where 7,4, (# 0, 1) is a linear function of #.

Case 3: Wiedemann—Franz law

The Wiedemann-Franz (WF) law®?” is a relation
between the thermal and electrical conductivity of metals of
the form

5, (11)
o

=02

FIG. 6. Location of maximum temper-
ature for various values of o and ¢ =0
(left) and for various values of ¢ and
o = %3 (right) for T} # T>. The lines
in (a) are from analytical calculation,
and the symbols are from numerical
calculation.
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FIG. 7. Steady state solution (a) T'(Z)
and V(Z), and (b) J,. obtained from
Egs. (5) and (6) for T} =T, with
Wiedemann-Franz law assumed.
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where [~2.44 x 10°*WQK™? is the Lorenz number.
Further discussion on the application of WF law to various
materials may be found at Refs. 27-30. For simplicity, we
consider only the special case of T} = T, with linear temper-
ature dependence of electrical conductivity, & = 1 + 7.
Using the same normalization as in Section II, Eq. (11)
becomes

k=(1+T)o, (12)
where we have used ko/co = [Ty, with o = V3 /IT?. Using
Eq. (12), Egs. (5) and (6) may be solved numerically. The
temperature and electrical potential distributions are shown
in Fig. 7(a), for various values of « and &. It is notable that a
change in the value of ¢ does not change the temperature and
potential profiles significantly or the maximum temperature.
The constant current J,. is plotted as a function of &, for vari-
ous values of o in Fig. 7(b). The behavior of J, is similar to
Case 2 with linear temperature dependence of ¢ and «, as ¢
is modeled the same way and the temperature profile does
not vary significantly.

Figure 8 shows the maximum temperature does not
depend on ¢ but only on o. If the WF law holds, it is possible
to find an analytical solution for the maximum temperature
(see Appendix)
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which is independent of (T) and i(T), confirming our
numerical data in Fig. 8.

m o
o
2t

(13)

Case 4: Realistic experimental data for carbon
nanotube fibers and copper

We apply our theory to two examples, carbon nanotube
fibers (CNFs) and copper, with realistic temperature depen-
dent electrical conductivity ¢(7) and thermal conductivity
k(T) taken from experimental measurements. For CNFs, we
use o(T) and x(T) from Fig. 3 of Ref. 17 (samples A, B, and
C). The data are polynomial interpolated, as shown in Figs.
9(a) and 9(b). We then solve Egs. (5) and (6) numerically. We
assume the length of the CNFs is L = 1 um. First, for T} =
T, = 360K, we calculate the maximum temperature 7,,,, as a
function of the applied voltage V), as shown in Fig. 9(c). We
next calculate T, for various T, for a fixed bias voltage of
Vo= 0.63V and T| =360 K, as shown in Fig. 9(d). The
results are compared with those obtained for constant electri-
cal and thermal conductivities, o(T) = g9 = (T = 360K)
and x(T) =Ko = k(T =360K). The constant ¢ and x
approximation is fairly close to the actual data, for samples B
and C, but not for sample A. This is because both electrical

(b)

0.55
05t -
e
045 | 7
//
,_,// —£=0
04F - §
&% /’// _iiodzz
0.35 ~ ---analytic
//
0.3+ 7
025t
02 1 1 1 1 1 ]
2 25 3 35 4 45 5

FIG. 8. The maximum temperature (a) as a function of ¢ for various values of «; (b) as a function of o for various values of £. Solid lines are for numerical cal-

culation from Eqgs. (5) and (6); dashed line is for analytical solution, Eq. (13).
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FIG. 9. Carbon nanotube fibers (CNFs). (a) Thermal conductivity «(7') and (b) electrical conductivity (7') taken from samples A-C in Fig. 3 of Ref. 17. Lines in
(a) and (b) are polynomial fits to the data points. () T,y as a function of Vy, for Ty = T, = 360 K. (d) T,y as a function of Ty, for Vy = 0.63 V and 77 = 360 K.
In (c) and (d), we assume L = 1 um; solid lines are for numerical calculation using #(7’) and ¢(7T) in (a) and (b), and dashed lines are for the constant approxima-

tion conductivities, 6(T) = ¢(T = 360K) and «(T) = x(T = 360K).

and thermal conductivities are close to constant for cases B
and C in Figs. 9(a) and 9(b). For sample A, ¢ increases and k
decreases with temperature 7. As a result, the rate of Joule
heating would increase faster than that of thermal conduction,

0 0.02 0.04 0.06 0.08 0.1
(b) Vo V)
800 T "

s
£ 400 | 1

300 350 400 450 500 550 600
T, (K)

FIG. 10. Copper with WF law. (a) T}, as a function of Vy, for T} =T, =
300K. (b) T, as a function of T,, for Vy =0.63 V and T; = 300 K. L =
1 um is assumed in the calculations.

resulting in a larger 7, in the conductor than that with con-
stant conductivities. Noticeably, among the three samples,
sample A had the weakest nanotube fiber alignment, the least
emission current, the largest turn on voltage for field emission,
and the smallest field enhancement factor.!” Note that our cal-
culation has ignored the radiative losses from the walls of the
carbon nanotubes.>'

For copper, we adopt the WF law. As discussed in Case
3 above, T, can be found without knowing the detailed
temperature of ¢(7T) and k(T). For T =T, = 300K, the
temperature of the electrical conductivity of copper’* gives
¢ = —0.58. Figure 10(a) shows the resulting maximum tem-
perature T, as a function of the applied voltage V), for
T, =T, = 300K. Figure 10(b) shows T,,,, as a function of
T», for a fixed bias voltage of Vy = 0.63 V and T; = 300 K.

IV. SUMMARY

In this paper, we evaluate the effects of temperature
dependence of the electrical and thermal conductivities on the
Joule heating of a one-dimensional conductor, by solving the
coupled non-linear steady state electrical and thermal conduc-
tion equations. We found that there are conditions under
which no steady state solution exists. In the special case of
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constant electrical conductivity and linear temperature depen-
dence of the thermal conductivity, we have obtained explicit
expressions for the bounds of existence of solutions. The shift-
ing of these bounds due to the introduction of linear temperature
dependence of electrical conductivity is also examined. The
temperature distribution, the maximum temperature, and its
location within the conductor are examined for various boundary
conditions. Sample calculations for carbon nanotube fibers and
copper are demonstrated. We note that the absence of a steady
state solution may indicate the occurrence of thermal runaway.
This may be a topic for future research. Additional topics
include the stability of the steady state and the effects of thermal
insulation (zero heat flux boundary condition) imposed on one
end of the sample. So far, the role of the boundaries or thermal
contacts has not been discussed in this paper. There should be
some temperature jumps at the thermal contacts, with coupling
between electrical and thermal transport, see, e.g., Ref. 35.
These couplings should also play a role in the steady state tem-
perature profile, which will be studied in the future.
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APPENDIX: DERIVATION OF T,,,. WHEN
WIEDEMANN-FRANZ LAW HOLDS

For the Wiedemann-Frantz law holding, with T} =T,
we have o = V3 /1LT|, 5(0) = (1) =1, T(0) =T(1) = 0.
Due to symmetry, the maximum temperature occurs at
z2=105,7T(0.5) = Tpar, %|y5 = 0. We have

K=6(1+T), (A1)
d (.dT J?
1
Jidz: 1. (A3)
o
0

Integrating (A2) from O to 1 with respect to zZ and using (A3)
for the right hand side, we get

_, dT _ T _
KOE| k0| = -
( )df’l ( )df 0
Since K(0)=K(1)=1 and because of symmetry
aT| = —dL|,, we get
ar| o
dz |, 2°

Now multiplying (A2) by (1 + T)Fi‘% and integrating, we

get
N 2 9
1 . dT 2( T>
“(a+1e2) =— T+—) +ec.
2(( + )adz) +5 ) +e
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_ B —
For z = 0.5, since ‘l% =0, so we get ¢ = O(Jz(Tmax + T”;” ).

Plugging in z = 0 in the above equation yields

dT :

1 2 = max
— | =oJ Tmax ’
2\az |, i
272 o
O‘T — o (ZT,,,M- - Tmaxz),

Ty +1)" =241,

—_— o
Thae = =4 /= +1 -1
2+

For oo = 0, we should have T,,,, = 0 so the (+) sign is cho-
sen. Therefore, we obtain

T = \/;—‘H 11, (Ad)

which is Eq. (13) in the main text.
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