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ABSTRACT

The study of charge carrier transport at nanoscale electrical contacts is crucial for the development of next-generation electronics. This
paper reviews recent modeling efforts on quantum tunneling, current crowding, and contact resistance across electrical interfaces with
nanometer scale dimensions. A generalized self-consistent model for quantum tunneling induced electron transport in metal–insulator–
metal (MIM) junctions is summarized. Rectification of a dissimilar MIM junction is reviewed. A modified two-dimensional (2D)
transmission line model is used to investigate the effects of spatially varying specific contact resistivity along the contact length. The model
is applied to various types of electrical contacts, including ohmic contacts, MIM junction based tunneling contacts, and 2D-material-based
Schottky contacts. Roughness engineering is recently proposed to offer a possible paradigm for reducing the contact resistance of 2D-materi-
al-based electrical contacts. Contact interface engineering, which can mitigate current crowding near electrical contacts by spatially designing
the interface layer thickness or properties, without requiring an additional material or component, is briefly reviewed. Tunneling engineering
is suggested to eliminate severe current crowding in highly conductive ohmic contacts by introducing a thin tunneling layer or gap between
the contact members. Unsolved problems and challenges are also discussed.

Published under an exclusive license by the AVS. https://doi.org/10.1116/6.0001724

I. INTRODUCTION

In modern electronics, nanoscale electrical junctions are ubiqui-
tous; they are naturally formed in transistors,1,2 scanning tunneling
microscopes,3,4 thin film contacts,5–9 and two-dimensional (2D)
material, nanowire, nanofiber, or nanorod based novel devices.10–17

Based on the materials of the contact members and the interfacial
layers, these junctions can be of ohmic, Schottky, or tunneling type.
This review paper collates recent theoretical studies on the current
transport in nanoscale electrical junctions and electrical contacts.18

Tunneling type contacts are especially common where the con-
tacting members are separated by very thin insulating layers.19–21

When two conductors are separated by a sufficiently thin (in nano-
meter or sub-nanometer scale) insulator, electrical current can flow

between them by quantum tunneling. As the tunneling induced stray
currents in the circuit can cause device malfunction, this phenome-
non imposes some serious challenges to the modern electronics
industry where electrodes in the nanometer scale are
common.1,2,22,23 However, in recent times, quantum tunneling has
been utilized to develop novel devices that offer advantages over the
shortcomings of down scaling. Next-generation transistors that are
expected to further extend Moore’s law, such as tunnel field effect
transistors (TFETs),24,25 single electron transistors (SETs),26–29 and
graphene-based field effect transistors, rely on quantum tunneling
for their operation. Tunneling electron emission through vacuum
nanogap is also common in miniaturized vacuum and plasma elec-
tronic devices30–38 and plasmonic nanogaps.39 Recent technologies
also attempt to combine the advantages of ballistic transport through
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vacuum with scalability, reliability, and low cost of silicon technol-
ogy.30,40,41 Nanoscale devices based on quantum tunneling principles
are expected to become increasingly important in future electronics
industry. To enable the practical use of such devices, a comprehen-
sive understanding of the quantum current transport is necessary.

On the other hand, tunneling resistivity is one of the major
obstacles for the development of low-dimensional material-based
devices. Transistors based on nanotubes, nanofibers, and 2D materi-
als use arrays or networks of nanostructures as their channel
material.15–17,20,42–45 The overall transistor performance is critically
dependent upon the tunneling resistivity between these
nanostructures.20,42–44 To realize the excellent electrical properties of
novel low-dimensional materials on the circuit level and to develop
scalable electronics based on them, contact engineering is crucial.46

Current flow in an electrical circuit is usually nonhomoge-
neous. Localized increase of current density or the current crowd-
ing effect5,6,9,47–50 is a serious and persistent problem in the
electronics industry. Current crowds near a bend or a constriction,
and it is especially strong at the vicinity of contact edges.8,50–54

Current crowding leads to nonuniform heat generation in the
contact area. The excessive amount of Joule heating deposited at
the contact region because of the large contact resistance is another
critical concern of very-large-scale-integrated (VLSI) circuit
engineers.55–57 The individual or combined effects of current
crowding, contact resistance, and nonuniform Joule heating are
responsible for about 40% of all electrical/electronics failure,
ranging from small scale modern consumer electronics, such as
hand-held or wearable devices, personal computers, to large-scale
space vehicles, particle accelerators, nuclear facilities, and military
systems.30,54,58–64

Contact problems have become more prominent nowadays
because of the growing demands for advanced computation, high
speed, low cost, high packing density, and low power consumption.
In densely packed integrated circuits (ICs), current crowding,
contact resistance, and poor heat dissipation options cause thermo-
migration and thermal cross talk, aggravation of electromigration,
and in the worst scenario, lead to thermal runaway and catastrophic
burn-out type failure.61 Current crowding also causes localized
overheating and formation of hotspots, leading to component
breakdown.61,65 In advanced 2D-material-based electronic devices,
forming good electrical contacts is a major concern. 2D materials,
such as molybdenum disulfide (MoS2), black phosphorus, boron
nitride, graphene have been demonstrated to be excellent channel
materials for ultrathin field-effect transistors.2,34,65,66 However, the
current crowding effect and the unusually high contact resistance at
the 3D metal and the 2D semiconductor interfaces65–68 hinder the
development of such electronics. In modern compact high power
microwave sources and pulsed power systems, poor electrical
contact prevents efficient power coupling to the load,62 produces
unwanted plasma,69 and in the worst-case scenario, damages the
electrodes and circuits. Therefore, a comprehensive and systematic
study of the current transport and electrical contacts in nanoscale
electrical junctions is essential to further advance modern
electronics.

In this paper, we review recent studies conducted at the
Michigan State University on the modeling of nanoscale electrical
junctions and electrical contacts.18 We start with a mini historical

review of theoretical and modeling studies on quantum tunneling
in metal–insulator–metal (MIM) junctions, and current flow distri-
bution and contact resistance in electrical contact structures
(Sec. II). We would like to point out that it is not our intention
to give a comprehensive review of the topics; rather, to provide
essential background information for the later discussion. Next, we
present the modeling of quantum tunneling in MIM nanojunctions
(Sec. III). Modeling of tunneling electrical contacts and
2D-material-based Schottky contacts using modified transmission
line models (TLMs) is presented in Secs. IV and V, respectively. In
Sec. VI, we discuss the recently proposed interface engineering
methods to reduce current crowding effects. Finally, we conclude
the paper by noting a few aspects of future research in Sec. VII.

II. MINI HISTORICAL REVIEW

A. Quantum tunneling in metal–insulator–metal
junctions

The work on quantum tunneling started as early as 1926,
when Schrödinger published his landmark equation for wave func-
tion in quantum mechanics.70 The same year, Wenzel, Kramers,
and Brillouin developed a semiclassical method—known as the
Wenzel–Kramers–Brillouin (WKB) method for finding approxima-
tions to the one-dimensional time-independent Schrödinger
equation.71,72 This WKB method is widely used to calculate trans-
mission and reflection coefficients through a smooth and slowly
varying potential barrier. In 1933, Sommerfeld and Bethe published
a theoretical study of tunneling in MIM junctions for very low and
high voltages using the WKB approximation.73 In 1935, Holm
extended the theory to include intermediate voltages.74 The chal-
lenge for this kind of study was to determine the actual shape of
the potential barrier in the vacuum gap or insulator. In 1963,
Simmons closely modeled the shape of the barrier and improved its
accuracy.19

Tunneling effects between electrodes separated by thin insulat-
ing films have been studied extensively by Simmons19,75 in 1960s.
His formulas have since been widely used for evaluating tunneling
current in MIM junctions. The tunneling current in Al-Al2O3-Al
structures has been experimentally studied and evaluated using
Simmons’ theory.76 Although widely used, Simmons’ theory has
some limitations: (1) the formulas are derived by considering only
the emission process from the electrodes, where the effects of image
charge are considered, but the electron space-charge potential and
the electron exchange-correlation potential inside the insulator thin
films are ignored; (2) this model is reliable only in the low voltage
regime for limited parameter space;21 (3) it fails to predict the
maximum possible tunneling current in an MIM junction.

There are several theoretical77–79 and experimental80,81 studies
on space-charge effects in a vacuum nanogap. The Child–
Langmuir (CL) law gives the space-charge-limited (SCL) current in
a plane-parallel vacuum diode. This classical value for the limiting
current can be exceeded by a large factor in nanoscale vacuum gap
because of tunneling. The new limit is referred as the quantum CL
(QCL) law.77,78 The effects of exchange-correlation potential in a
vacuum nanogap have also been studied systematically.82

In 2015, a general scaling law for the quantum tunneling
current in nano- and sub-nanoscale MIM junctions has been
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developed by self-consistently solving the coupled Schrödinger and
Poisson equations.21 Zhang’s model21 was formulated for similar
electrodes. It includes the effects of space-charge and exchange-
correlation potential, as well as current emission from both elec-
trodes. The current–voltage (J–V) characteristics has three distinct
regimes: (1) the direct tunneling regime, where it follows
Simmons’s formula,19 (2) field emission regime, where it becomes
close to the Fowler-Nordheim law,83 and (3) SCL regime, where it
approaches the quantum Child-Langmuir law.77,78 The recent
extension of Zhang’s work to include the effects of dissimilar metal
electrodes84 will be presented in Sec. III.

B. Current flow distribution and contact resistance

Different theoretical models have been developed over time to
characterize micro- and nano-scale thin film-based contacts,
including conformal mapping, transmission line model (TLM),
field theory, and numerically solving Laplace’s equation in the
contact area.9,30,47,60,85–88 In this paper, we briefly review the TLM,
which is in plenty of variant or extended forms, has been widely
used for analyzing metal–semiconductor planar contacts, due to its
simplicity.

In 1969, Murrmann and Widmann49 used a simple steady
state TLM to characterize planar metal–semiconductor contacts
and defined important contact characterization parameters, such
as, contact resistance Rc (in Ω), semiconductor sheet resistance
beneath the contact Rsh (in “ohm per square,” denoted by Ω/A),
and specific contact resistivity ρc (in Ω/cm2). In 1972, Berger89

provided a thorough characterization of contact resistance and
contact resistivity and defined the current transfer length LT , over
which most of current transfer takes place from semiconductors to
metals, indicating strong current crowding. In 1980, Reeves
extended the formulation for Cartesian contacts to circular contact
structures.90 In 1995, Reeves and Harrison91 further extended the
theory to alloyed ohmic contacts using a trilayer transmission line
model (TTLM).91–93

Although the TLM theory is one of the most commonly used
models to characterize planar contacts, allowing important contact
parameters (ρc, Rsh, Rc) to be extracted or calculated, it has several
known limitations: (1) the sheet thickness of the contact material is
assumed to be zero, forcing current flow to be one-dimensional, (2)
it is applicable only for ohmic contacts or contacts that can be
approximated as ohmic, (3) specific contact resistivity is assumed
to be constant along the contact length. Various modifications of
this theory have been attempted to overcome some of the
limitations.

The “zero sheet thickness” restriction was relaxed by Berger89

in his extended transmission line model (ETLM) with current still
restricted to one-dimensional flow, by adding a virtual specific
contact resistivity of 0:19 ρ2h2, where ρ2 is the resistivity and h2 is
the thickness of the semiconductor layer. This ETLM has been
widely used in the literature.94,95 In 2014, Zhang and Lau94 com-
pared the TLM, ETLM with an exact field solution. They found
that TLM can be used to accurately evaluate contact resistance if
η ¼ ρc/ρ2h2 . 2, which is typically the case for electrical contacts
and junctions between thin films, nanotubes, and nanorods, since
the height of the contact members is in a nanometer scale. Indeed,

TLM has been used to model and measure various low-
dimensional material-based contacts, such as, metal-CNT,96 metal-
nanofibers, gold-MoS2,

66,97,98 indium-MoS2,
66 nickel-MoS2,

98 and
graphene-metal ohmic contacts.99

The figure of merit used for contact characterization is the
specific contact resistivity ρc, defined as the ratio of the voltage
drop Vc to current density Jc across the contact. It has a constant
value for ohmic contacts. If the junction is highly nonlinear, the
ohmic approximation fails to give accurate characterization of the
contact. In 2011, Piotrzkowski et al.100 generalized TLM to
include functional dependence of Jc(Vc). In 2014, He et al.101 pro-
posed a numerical method to characterize nonlinear metal–semi-
conductor contacts by adding a Schottky diode to the standard
TLM in series with the original pure resistance to account for the
nonlinearity.

Another key limitation of the standard TLM is its constant
ρc assumption along the entire contact length, treating the junc-
tion one-dimensional. This treatment is valid only for ohmic con-
tacts with uniform interfacial layer properties. In practical
contacts, ρc depends on local voltage drop and local contact
current density, and therefore, are expected to vary spatially.
Physically, this spatial dependence of ρc may be introduced by a
variety of factors, such as, the inherent nonlinearity of the current
density–voltage (J � V) profiles of tunneling and Schottky junc-
tions, rough interfacial layer, nonuniform distribution of oxides,
contaminants or impurities in the contact layer, etc. In this paper,
we will review the recently developed modified 2D TLM that
includes the effects of spatially varying ρc along the contact
length.102–105

The 2D-TLM102,103 was applied for ohmic contacts. TLM
coupled with the thermionic injection model104,106 was used for
Schottky contacts (see Sec. V), and coupled with the self-
consistent quantum model21,84 for tunneling type contacts (see
Sec. IV). A method to control current distribution was demon-
strated, by engineering the interface layer properties and geome-
try107 (see Sec. VI). It was found that current crowding can be
mitigated by strategically designing the specific contact resistivity
ρc along the contact length.

III. QUANTUM TUNNELING IN DISSIMILAR
METAL–INSULATOR–METAL JUNCTIONS

A generalized self-consistent model for quantum tunneling
current in dissimilar metal–insulator–metal junction is developed,
by solving the coupled Schrödinger and Poisson equations.84 When
two electrodes with different work functions are brought together
to form a dissimilar MIM junction, the tunneling current depends
on the polarity of the external bias voltage.75 This asymmetry of
the J � V characteristic is crucial to several applications, such
as scanning tunneling microscopes, harmonic mixers, rectifiers,
millimeter wave and infrared detectors.108 In recent years, several
efforts have been made to enhance this asymmetry.108–110

Dissimilar MIM junctions are also common in nanoscale electrical
contacts.102

A typical dissimilar MIM tunneling junction with different
bias conditions is shown in Fig. 1. Following Simmons,75 forward
bias (FB) and reverse bias (RB) of the MIM junction were defined
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when the metal electrode with a higher work function is negatively
and positively biased, respectively. The asymmetry of J � V character-
istics in forward and reverse bias and its dependence on various mate-
rial properties and input voltages were studied comprehensively.84

The potential barrier in the insulator layer (Fig. 1) (Ref. 84) is
Φ(x) ¼ EF þ Φw(x)þ Φimage(x)þ eV(x)þΦxc(x), where EF is the
equilibrium Fermi level; Φw(x) ¼ f1 þ (f2 � f1)x/D;

75

f1 ¼ W1 � X, f2 ¼ W2 � X; W1 and W2 are the work functions
of metal electrodes 1 and 2, respectively, X is the electron affinity of
the insulator. Φimage(x) is the image charge potential;111 Φxc(x) is
the exchange-correlation potential calculated by the Kohn–Sham
local density approximation (LDA);112 and eV(x) includes space-
charge potential and the external bias voltage. The space-charge
potential is calculated by solving the coupled Schrödinger and
Poisson equations.21 The boundary conditions are derived from the
applied bias, charge conservation along x, and the continuity of the
wave function and its derivative at x ¼ 0 and x ¼ D.

The net tunneling current density (Jnet) is the superposition of
the current emitted from both electrodes (J1,2). J1,2 depends on the
tunneling probability and electron supply function from the

electrodes. In this work,21,84 the electron supply function at the two
electrodes is calculated from the free-electron theory of metal,113

and the tunneling probability of electrons through the barrier Φ(x)
is calculated from the WKB approximation.114

It was found that, in the direct tunneling regime, the FB
current exceeds slightly, as shown in Fig. 2(a). At high voltages in
the field emission regime, the FB and RB characteristics cross over.
This crossover behavior is important and occurs because the tilt of
the potential barrier changes its direction for the RB condition in
the high voltage region [cf. Figs. 1(a) and 1(c)]. For higher voltages,
the electrons tunnel through a lower effective potential barrier
height in RB condition than that in the FB condition, and the
J � V characteristics become significantly asymmetric [Fig. 2(a)].
The asymmetry between FB and RB currents in the field emission
regime increases significantly as the work function difference
between the two metal electrodes |ΔW| increases. The asymmetry
disappears when the gap width D is small and it increases signifi-
cantly when D is increased [Fig. 2(b)]. For fixed work functions,
the FB and RB characteristics tend to crossover at about the same
voltage [Fig. 2(b)], which is insensitive to the D values.84 In the
space-charge-limited regime, the cathode current and therefore net
current Jnet approaches the maximum tunneling current density
across a nanogap for a given Vg and D, i.e., the quantum Child–
Langmuir law.77,78

Since the electron tunneling time through a barrier of
nm-scale thickness is usually less than 1 fs,115–119 this self-
consistent model84 can be applied to nanojunctions operating up to
the near infrared frequency, enabling studies on the effects of tun-
neling resistance in various nanoscale electrical structures with
time-varying bias, such as tunneling plasmonic resonator arrays,
THz induced scanning tunneling microscopes (THz-STMs), etc.

FIG. 2. (a) Effects of work function difference ΔW ¼ W 2 �W 1 on the J � V
characteristics of a dissimilar MIM junction with D ¼ 1 nm vacuum gap (ϵr ¼ 1,
X ¼ 0 eV ). Lines from top to bottom, ΔW ¼ 4 eV, 3 eV, 2 eV, 1 eV, 0 eV,
−1 eV, −3 eV. The work function of metal 2 is kept fixed, W 2 ¼ 6:35 eV (Pt).
(b) The effects of gap width (D) on the J � V characteristics of a dissimilar
MIM junction with vacuum gap. Lines from top to bottom, D ¼ 0:5 nm, 1 nm,
1.5 nm, 2 nm, 3 nm. Solid and dashed lines represent RB and FB conditions,
respectively. Reprinted with permission from Banerjee and Zhang AIP Adv. 9,
085302 (2019). Copyright 2019 AIP Publishing LLC.

FIG. 1. Dissimilar MIM tunneling junction. The metal electrodes have equilib-
rium Fermi level EF and work function W 1 and W 2 (in these schematics,
W 2 . W 1). f1 ¼ W 1 � X , f2 ¼ W 2 � X , where X is the electron affinity
of the insulator. The insulator thin film thickness is D. The applied voltage bias
is Vg . The current densities emitted from the electrode 1 and 2 into the gap are
J1 and J2, respectively. (a) and (c) reverse bias condition (metal 2 is positively
biased); (b) and (d) forward bias condition (metal 2 is negatively biased). (a)
and (b) represent low and (c) and (d) represent high bias voltage conditions.
Reprinted with permission from Banerjee and Zhang, AIP Adv. 9, 085302
(2019). Copyright 2019 AIP Publishing LLC.
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IV. TUNNELING ELECTRICAL CONTACTS

A 2D-TLM that includes the effects of spatially varying
specific contact resistivity (Fig. 3) was proposed in Ref. 107. For
tunneling junctions, because of the nonlinear current–voltage char-
acteristics (Fig. 2),19,21,75,84 the specific resistivity becomes spatially
dependent, even for an insulating layer with uniform thickness.
Therefore, the state-of-the-art methods that treat those junctions as
one-dimensional,20 become unreliable.

The governing equations are derived from Kirchoff’s laws for
current and voltage. For Cartesian electrical contacts in Fig. 3(a),
its TLM in Fig. 3(c) gives the following four equations,102

@I1(x)/@x¼�wJc(x), @V1(x)/@x¼�I1(x)Rsh1/w, @I2(x)/@x¼wJc(x),
@V2(x)/@x ¼ �I2(x)Rsh2/w, where I1,2(x) represents the current
flowing at x through the lower or upper contact member, respectively,
V1,2(x) is the local voltage at x along the lower or upper contact
member, respectively, and w is the effective transverse dimension of
the contacts. Jc(x) ¼ Vg(x)/ρc(x) and Vg(x) ¼ V1(x)� V2(x) are
the local current density and the local voltage drop across the contact
interface at x, respectively. Note that I1(x)þ I2(x) ¼ Itot ¼ constant,
where Itot is the total current in the circuit, to be determined from
the boundary conditions, V1(x ¼ 0) ¼ Vo, I2(x ¼ 0) ¼ 0,
I1(x ¼ L) ¼ 0, V2(x ¼ L) ¼ 0, where V0 is the externally applied
bias voltage. For the contact model in Fig. 3(c), the contact resistance
is defined as Rc ¼ [V1(0)� V2(L)]/Itot ¼ Vo/Itot . Similar formula-
tions were derived for circular (ring) electrical contacts shown in
Fig. 3(b) as well.90,103 Here, the contact resistance is defined as
Rc ¼ [V1(ro)� V2(ri)]/Itot ¼ Vo/Itot , where ro is the outer radius of
thin film 2 and ri is the inner radius of both the films.

Simple analytical solutions were derived for the special case of
uniform ρc. Figure 4 shows analytical solutions for a Cartesian par-
allel electrical contact for different normalized specific contact
resistivity (ρc ¼ ρc/Rsh1L2) and sheet resistance ratio
(Rsh2 ¼ Rsh2/Rsh1). For similar contact members [Rsh2 ¼ Rsh1 in
Fig. 4(a)], current profiles are symmetric, current crowds at the two
edges, and this current crowding decreases when ρc increases. For
dissimilar contact members [Rsh2 = Rsh1 in Fig. 4(b)], the current
profiles are asymmetric. Rsh2 influences the spatial distribution of
the current more strongly. The contact resistance increases with
both ρc and Rsh2 [Fig. 4(c)], and it depends more strongly on the
specific contact resistivity of the interfacial layer ρc than on the
sheet resistance ratio of the contact members.

Self-consistent numerical solutions were obtained for spatially
(or radially) varying ρc. For MIM tunneling type contacts, Jc(x) or

Jc(r), (Fig. 3) was calculated from the 1D MIM quantum tunneling
model at location x or r (Sec. III).21,84 ρc(x) and ρc(r) were deter-
mined from these contact current densities by ρc ¼ Vg /Jc. The
coupled equations of the TLM and MIM quantum tunneling
model were then solved self-consistently.102,103 The spatial distribu-
tions of currents and voltages across such contacts and the total
contact resistance18,102,103 were comprehensively studied for various
contact geometry and material properties.

Figure 5 shows the contact current density profiles and the
voltage-dependent contact resistance profiles for an annular Cu–
vacuum–Cu junction. It was found that the analytical solutions
(constant ρc assumption along the contact) become unreliable
when β ¼ ri/ro is small, contact length, or input bias voltage is
large, or insulating layer thickness D is small.102,103 For circular
contacts, the current density profiles are asymmetric at the two
edges even for similar contact members, and this asymmetry
decreases as β increases [Fig. 5(a)]. Solving TLM equations

FIG. 3. Electrical contact between two
contacting members in (a) Cartesian, (b)
circular geometry. (c) and (d) its corre-
sponding transmission line model. In (a)
and (b), a thin interface layer (ohmic,
Schottky, or tunneling type) is sand-
wiched between the two contacting
members. The thicknesses of thin film 1
and 2 are t1 and t2, respectively.
Reprinted with permission from Banerjee
et al., Phys. Rev. Appl. 15, 064048
(2021). Copyright 2021 American
Physical Society.

FIG. 4. Analytical solution of Cartesian parallel electrical contact for the special
case of uniform specific contact resistivity along contact length L. Normalized
contact current density (Jc ¼ JcRsh1L2/V0) along normalized contact length
(�x ¼ x/L) for different (a) normalized specific contact resistivity �ρc ¼ ρc /Rsh1L2,
and (b) sheet resistance ratio of the two contact members Rsh2 ¼ Rsh2/Rsh1. In
(a) Rsh2 ¼ 1, and in (b) ρc ¼ 1. (c) Normalized contact resistance Rc of a par-
allel contact as a function of �ρc . In (c), the dashed line is for the limiting case of
�Rsh2 ! 0 and the cross symbols are from COMSOL 2D simulations. Adapted
with permission from Banerjee et al., Sci. Rep. 9, 14484 (2019). Copyright 2019
Nature; licensed under a Creative Commons Attribution (CC BY) license.
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coupling with the Simmons equation [black dotted line in
Fig. 5(b)] overestimates contact resistance, and using the MIM tun-
neling model in Sec. III may give more accurate estimation of the
results. For low voltages, the tunneling junction can be represented
by the Ohmic approximation since Rc varies little with V0 in this
regime [Fig. 5(b)]. However, as V0 becomes close or larger than
1 V, Rc decreases with V0. Based on these studies, one can draw
two major conclusions: (1) contact resistance for tunneling type
contact is voltage-dependent. This dependence is especially strong
for higher voltages [Fig. 5(b)]; (2) the contact current density pro-
files depend on the interfacial layer properties and geometry, which
may enable controlled current transport by interface engineering.
This will be discussed more in Sec. VI later.

V. 2D-MATERIAL-BASED SCHOTTKY CONTACTS

Schottky contacts based on novel 2D materials, like MoS2,
black phosphorus, and graphene, can be modeled by coupling the
thermionic charge injection model for 2D materials106 with
2D-TLM.102–104 This self-consistent model accounts for varying
specific contact resistivity along the contact length; therefore, it is
capable of including the effects of nonuniform doping and interface
roughness. The total contact resistance and the current distribution
were calculated for electrical contacts between 2D materials and
three-dimensional (3D) metals, or between different 2D materi-
als.104 Results were validated with recent experiments.66,97,120 The
self-consistent model was found to be more accurate than the exist-
ing 1D models, especially for small Schottky barrier height (SBH)
or large bias voltage.104

Roughness engineering was proposed to reduce the large
contact resistance at the 3D/2D electrical contacts. Interface rough-
ness is naturally present in the contact area due to defects intro-
duced during the fabrication process. It can also be artificially
added, for example, by engineered doping of the substrate.121 The

impact of surface roughness on contact resistance has been studied
extensively for ohmic contacts.60,122–124 In Ref. 104. interface
roughness at the 2D/3D electrical contacts is modeled as fluctuating
SBHs125 along the contact length [Fig. 6(a)]. The fluctuation was
assumed to follow a Gaussian distribution. Figures 6(b) and 6(c)
show the injection current density and the contact resistivity pro-
files, respectively, for the interface roughness shown in Fig. 6(a).104

It was found that Rc decreases significantly in the presence of inter-
face roughness and this decrease is more prominent for larger
mean SBHs (e.g., 0.3 eV).

The authors of Ref. 104 suggested that roughness reduces the
contact resistance in 2D-material-based contacts with 3D metals,
enabling a new viable route toward the design of better electrical
contacts to 2D materials using roughness engineering.104

VI. INTERFACE ENGINEERING OF ELECTRICAL
CONTACTS

Over the years, several efforts have been made to reduce the
current crowding and improve the current transport in electrical
contacts. State-of-the-art methods include proper choice for elec-
trode thickness,126 doping, electrode material and its
geometry;127–129 optimization of the current spreading layer130 and
the gate bias voltage;65 reduction of the injection barrier at the
contact interface with thin interlayers; and insertion of additional
control contacts to increase charge injection.131 These suggestions
require either extra interfacial layers, or particularly chosen material
combination and electrode properties. An alternative approach107

was suggested that deals with the problem locally and may not
require an additional material or component.

FIG. 5. (a) Tunneling current density across the circular Cu–vacuum–Cu
contact interface Jc(r ) for different inner radius to outer radius ratio β, with fixed
r0 ¼ 50 nm, V0 ¼ 1V and D ¼ 0:6 nm. (b) The total contact resistance Rc as a
function of input voltage V0 for different outer radius r0, with fixed β ¼ 0:01 and
D ¼ 0:6 nm. Solid lines are for self-consistent numerical calculations coupling
TLM equations and the MIM quantum tunneling formulation (Sec. III). Dashed
lines are for analytical calculations with ρc calculated using Vg ¼ V0 in the MIM
quantum analysis. The dotted line in (b) is for calculations using Simmons equa-
tion for tunneling. Reprinted with permission from Banerjee et al., J. Phys. D:
Appl. Phys. 53, 355301 (2020). Copyright 2020 IOP Publishing.

FIG. 6. (a) Roughness in Schottky barrier height fB , the resulting (b) current
density Jc(x), and (c) specific contact resistivity ρc(x) across the contact inter-
face for a monolayer MoS2-Au 2D/3D contact for different standard deviations
(sd) of the SBHs. (d) Contact resistance Rc as a function of surface roughness
(standard deviation/fB) for different mean values of fB. Here, applied voltage
V0 ¼ 0:1 V, and contact length L ¼ 50 nm. Reprinted with permission from
Banerjee et al., Phys. Rev. Appl. 13, 064021 (2020). Copyright 2020 American
Physical Society.
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By varying the interfacial layer properties and geometry,
the current and voltage profiles across the contact area can be pre-
cisely customized.105,107 The lumped circuit TLM equations
(Sec. IV)102,103 coupled with the quantum tunneling model for
MIM junctions (Sec. III),84 or the thermionic emission current
injection model for 2D materials were solved self-consistently to
obtain the current and voltage profiles.104,106 The proposed inter-
face engineering method relies on strategical variation of the spe-
cific contact resistivity ρc along the contact length. The spatial
variation of ρc may be achieved by varying the doping, thickness
(Fig. 7), or shape of the contact layer, or by introducing impurities
along the contact length. Figure 4 shows that high ρc reduces
current crowding but increases the overall contact resistance Rc.

Thus, the main challenge is to reduce the current crowding effect
without degrading the total current transport considerably.

It was found that the severe current crowding at the highly
conductive planar Cu/Cu ohmic contacts can be reduced by
varying the specific contact resistivity parabolically along the
contact length.107 As exemplified in Fig. 8, it is possible to achieve
approximately uniform contact current distribution without
increasing the total contact resistance significantly. The main idea
is to make the contact interface more resistive near the contact
edges and less resistive in the center region. Current crowding can
also be reduced by varying ρc(x) as a simple step function along x,
which is expected to be easier to implement in practice.107

Motivated by the nonlinear J–V characteristics of tunneling
junctions (Sec. III), tunneling contact engineering was also proposed
to effectively eliminate current crowding in highly conductive
ohmic contacts, in which a thin (in nm or sub-nm) tunneling layer
of thickness (D) was introduced between the contact members. The
profiles of contact current density Jc with different tunneling layer
thickness and contact member work function were exemplified in
Fig. 9 (Ref. 107). The distribution of Jc across the contact area is
much more uniform for contacts with a tunneling layer [colored
lines in Fig. 9(a)]. Although ρc increases significantly when a tun-
neling gap is introduced, as shown in Fig. 9(b), the total contact
resistance Rc is still kept on the same order, as seen in the inset
table of Fig. 9(a).

VII. CONCLUSION

Motivated by the challenges of physical scaling down of elec-
trical circuits, the growing demands for low-dimensional material-
based devices, and the need for improved controllability of the
current transport at the interfaces, this paper attempts to collate

FIG. 7. Electrical contact between contact members 1 and 2 for different elec-
trode geometry. (a) Electrical contacts with uniform contact interface, (b) electri-
cal contacts with a spatially varying engineered interfacial layer, which is used
to control the voltage and current distribution. Reprinted with permission from
Banerjee et al., Phys. Rev. Appl. 15, 064048 (2021). Copyright 2021 American
Physical Society.

FIG. 9. Tunneling contact engineering. (a) Contact current density Jc(x), and (b)
specific contact resistivity ρc(x) along the contact length for Cartesian tunneling
contacts. Solid lines are for self-consistent numerical calculations with MIM
quantum tunneling formulations (Sec. III) (Refs. 21 and 84) for different values
of gap distance D and work function of contact members W . Sheet resistance
of both the contact members is assumed to be Rsh1 ¼ Rsh2 ¼ 18Ω/A.
Dashed lines are calculated analytically with constant ρc using Vg ¼ V0 in
the 1D MIM tunneling model. Black dotted lines are for an ohmic contact
with ρc ¼ 1:8 � 10�11 Ω cm2, analytically calculated from the TLM equations.
Rc is the total contact resistance. Reprinted with permission from Banerjee
et al., Phys. Rev. Appl. 15, 064048 (2021). Copyright 2021 American Physical
Society.

FIG. 8. Engineered Cu/Cu ohmic contact in a Cartesian geometry with specific
contact resistivity ρc(x) ¼ 18� 10�10(B (2x/L� 1)2 þ 0:01)Ω cm2. (a)
Contact current density Jc(x) along the contact length for different values of B;
(b) contact resistance as a function of B for different contact length L. The input
voltage V0 ¼ 0:6 V is the required industry standards according to the
International Roadmap of Devices and Systems (IRDS) (Ref. 132) for year
2030. The thickness of both Cu contact members is 10 nm, with a resistivity of
18 μΩ cm (Ref. 133), which gives sheet resistance Rsh1 ¼ Rsh2 ¼ 18Ω/A.
Contact length L ¼ 100 nm in (a), and the width (transverse dimension) of the
contact members w ¼ 10 nm. Reprinted with permission from Banerjee et al.,
Phys. Rev. Appl. 15, 064048 (2021). Copyright 2021 American Physical Society.
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recent studies on modeling of nanoscale electrical junctions and
electrical contacts.18 First, a generalized self-consistent model for
quantum tunneling in MIM nanojunctions21,84 was discussed. The
rectification property of dissimilar electrode MIM junction was
studied for different material properties and input parameters.
Then, recent studies on current distribution and contact resistance
in nanoscale electrical contacts were presented. The recently pro-
posed 2D-TLM accounts for the spatial variation of specific contact
resistivity.102,103 With this model, three possible methods of
improving electrical contacts and mitigate current crowding were
studied: (1) roughness engineering of 2D-material-based contacts in
order to reduce large contact resistance at the 2D/3D interfaces,104

(2) interface engineering of electrical contacts, and (3) tunneling
contact engineering to reduce current crowding in highly conduc-
tive ohmic contacts.107

The models for the MIM tunneling junctions did not consider
the effects of electrode geometry, insulator layer imperfections
(such as charge trapping, impurities inside the insulator, etc.) and
AC driven frequency dependence of the tunneling current. These
effects may be studied in future works. The application of the
model to nanoscale electrical structures with time-varying excita-
tions, such as split-ring resonator arrays and THz-STMs, may also
be explored.4,134 It is also interesting to find the connection of the
quantum tunneling models to field emission from ultrathin dielec-
tric coated surfaces135,136 and optical field driven photoelectron
emission in nanoscale gaps.37,137 Although widely used, both the
free-electron gas model and the WKB approximation used in this
model need to be carefully examined in the future. One may directly
solve the time-independent Schrödinger equation numerically to get
a more accurate description of the transmission probability.138

The scope of future works on the modeling of current flow
distribution and contact resistance at nanoscale electrical contacts
remains vast. The effects of more complicated contact geome-
try,11,139,140 insulator layer non-uniformities, and the time-
dependent response of the electrical contacts need to be investi-
gated. Coupled electrical–thermal transport across nanoscale elec-
trical contacts with the effects of temperature-dependent electrical
and/or thermal conductivities16,55 requires extensive future studies.
It is also important to look at the extension of the theory to a
contact structure with multiple interfacial layers with anisotropic
material properties. Note that, although widely used, TLM is only a
simplified approximation of the practical electrical contacts, where
the impacts of finite interfacial layer thickness, current crowding
and fringing fields near the contact corners cannot be fully
accounted for.9,65,94 In the future, field solution methods9,47,94,139

need to be incorporated to accurately quantify these effects. The
regimes in which TLM becomes invalid need to be carefully deter-
mined in the future.
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