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Theoretical Analysis of Resonant Tunneling Enhanced Field Emission
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In this paper, we develop an exact analytical quantum theory for field emission from surfaces with a
nearby quantum well, by solving the one-dimensional time-independent Schrödinger equation. The quan-
tum well, which may be introduced by ions, atoms, nanoparticles, etc., is simplified as a square potential
well with depth H, width d, and distance to the surface L. The theory is used to analyze the effects of the
quantum well (d, H, and L), the cathode properties (work function W and Fermi energy EF ), and dc field
F. It is found that the quantum well can lead to resonant tunneling enhanced field emission up to several
orders of magnitude larger than that from bare cathode surfaces. In the meantime, the electron-emission-
energy spectrum is significantly narrowed. The strong enhancement region is bounded by the conditions
eFL + H ≥ W + C and eFL ≤ W, with e being the elementary charge (positive) and C a constant depen-
dent on dc field F. It is also found that the linear shift of resonance peaks in the electron-emission-energy
spectrum with dc field F follows εp = εp0 − eFL, with εp0 being approximately the eigenenergies for
electrons confined in a square potential well without a dc field. The theory provides insights for the design
of high-efficiency field emitters, which can produce a high current and highly collimated electron beams.
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I. INTRODUCTION

Field emission from solid surfaces is critical for many
applications, such as flat-panel displays [1–3], electron
microscopes [4–6], vacuum microelectronics [7,8], emerg-
ing vacuum nanoelectronic devices [9–13], x-ray sources
[14,15], particle accelerators [16–18], and high-power
microwave sources and amplifiers [19–26]. The presence
of nanostructures or adsorbates (ions, atoms, molecules,
etc.) on cathodes forms a nearby potential well(s) and mod-
ifies the surface-potential barrier, which has significant
effects on the field-emission current and the correspond-
ing emission-energy distribution [27–35]. The quantum
well(s) can lead to resonant tunneling field emission, which
deviates from Fowler-Nordheim characteristics [27–29].
Resonant effects in tunneling in field emission reported
by Binh et al. [33,34] generated considerable interest to
understand resonance contributions both experimentally
[36–38] and theoretically [27,39–41]. The resonant tunnel-
ing through adsorbed atoms and molecules can produce
highly enhanced localized field emission with a narrow
energy spread, compared to clean surface regions [30]. In
addition to resonant processes, nonresonant processes due
to thinning of the surface barrier by positive ions have
the potential to further enhance field emission [31,32].
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Ion-enhanced field emission plays an important role in
the deviation of breakdown voltage from the Paschen’s
law in a microscale gap (∼1–10 μm) [31,42–47]. Another
important characteristic of resonant tunneling is multiple
resonant peaks in the field-emission energy spectrum. It is
observed that resonance peaks shift linearly with dc volt-
age for sharp metallic nanotips ending with a single atom
[33,34]. Therefore, it is worthwhile developing a generic
model to systematically study those observations.

Early theoretical interpretation of field emission from
metal surfaces with nearby adsorbates, nanoparticles,
etc. uses Fowler-Nordheim-type equations, with an elec-
tric field or work function modified due to adsor-
bates [46,48]. By introducing a potential well outside
the metal surface, the Schrödinger equation gives a
more realistic description of the quantum tunneling pro-
cess [31,32,49,50]. Wentzel–Kramers–Brillouin (WKB)
methods are used to obtain an emission current from
silicon emitters with an oxide layer [51,52], which
may not reveal the resonance effects inside the quan-
tum well [53]. A steady-state-balance transport equation
based on the WKB approach for nanoparticles on top
of a dielectric material on metallic cathodes reveals
the experimentally observed steplike behavior in the
current-voltage relationship [41]. Theoretical methods typ-
ically involve solving a stationary Schrödinger equation
with boundary conditions of the wave function and its
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derivative continuity [27,39–41]. In particular, the
Airy-function transfer-matrix method is broadly used for
resonant tunneling diodes and multilayer-structure cath-
odes [40,54,55]. Density-functional theory is applied to
analyze the field emission from atomically sharp tips,
including the effects of electric fields and currents [56],
which can be computationally expensive. It is desirable to
use a simple generic exact quantum model for field emis-
sion with a nearby quantum well to study the effects of the
well properties on field emission.

Here, we develop an analytical quantum theory for
field emission from surfaces with a nearby quantum
well, by exactly solving the one-dimensional (1D) time-
independent Schrödinger equation. The theory includes the
effects of the quantum well, i.e., well depth, well width,
and distance from the well to metal surfaces. It predicts
the conditions of the quantum well under which the field
emission can be resonantly enhanced by several times to
several orders of magnitude compared to field emission
from bare cathode surfaces. This study provides insights
for the design of a highly efficient field emitter to produce
high current and highly collimated electron beams.

II. THEORETICAL FORMULATION

The 1D model considers electrons inside the metal
(x < 0) with an initial longitudinal energy ε emitted to
vacuum under an externally applied dc electric field F, as
shown in Fig. 1. A quantum well is formed near the metal
surface due to ions, atoms, nanoparticles, etc. with well
depth H, well width d, and distance from left edge of the
well to metal surface L. The potential profile reads

V(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, x < 0,
V0 − eFx, 0 ≤ x < L,
V0 − eFL − H , L ≤ x < L + d,
V0 + eFd − eFx, x ≥ L + d,

(1)

where V0 = W + EF , with W and EF being the work func-
tion and Fermi energy of the metal, respectively; e (>0)
is the elementary charge. For simplicity, the effect of the
image charge potential is ignored, and we assume that
the region between the surface and the quantum well
(0 < x < L) is a dielectric (with a relative permittivity of
1, i.e., vacuum) and the fields in this region (0< x<L) and
in the vacuum (x > d + L) are constant as F, and the top
and bottom of the well are flat without considering distor-
tion by the dc field F. The latter assumption is expected
to be a better approximation if the quantum well has a
larger aspect ratio, H /d; a higher permittivity; or a smaller
electric field.

To obtain the electron-transmission probability, we
solve the 1D time-independent Schrödinger equation:

− �2

2m
∂2ψ(x)
∂x2 + V(x)ψ(x) = εψ(x), (2)

E
vac

EF

W

x0 L L+d

– eF

-eF

H

Metal Vacuum

ε

FIG. 1. Energy diagram of field electron emission through a
triangular barrier deformed by a quantum well under externally
applied dc field F. Incident electron has an initial longitudinal
energy of ε. Metal has Fermi energy EF and work function W.
Quantum well has depth H, width d, and distance from the left
edge of the quantum well to the metal surface L.

where � is the reduced Planck constant, m is the elec-
tron rest mass (in all regions), ψ(x) is the electron wave
function, V(x) is the potential given in Eq. (1), and ε is
the initial longitudinal energy of electrons incident on the
metal surfaces. For x < 0 (inside the metal), the exact
solution of Eq. (2) is

ψI (x) = eik0x + Re−ik0x, x < 0, (3)

with k0 =
√

2mε/�2 being the electron wave number and R
the reflection coefficient. Equation (2) is the superposition
of an incident plane wave and a reflected plane wave.

For 0 ≤ x < L, the solution can be obtained by trans-
forming Eq. (2) into the form of d2ψII/dη2

1 + η1ψII = 0,
with η1 = (2meF/�2)1/3[x + (ε − V0)/eF], to yield

ψII(x) = aAi(−η1)+ bBi(−η1), (4)

which is a linear superposition of the Airy functions of the
first and second kinds.

For L ≤ x < L + d, the exact solution to Eq. (2) is

ψIII(x) = peikx + qe−ikx, (5)

where k =
√

2m[ε − (V0 − H − eFL)]/�2 is the electron
wave number inside the quantum well for an electron with
an initial energy of ε.

For x ≥ L + d, Eq. (2) is transformed into d2ψIV/dη2
2 +

η2ψIV = 0 with η2 = (2meF/�2)1/3[x + (ε − (V0 + eFd))/
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eF] and the solution is

ψIV = Tt[Ai(−η2)− iBi(−η2)], (6)

where Tt is the transmission coefficient. Equation (6)
represents an outgoing traveling wave into the vacuum.

The imposition of the boundary conditions that ψ and
dψ/dx are continuous at x = 0, x = L, and x = L + d
yields

1 + R = aA1 + bB1,
1 − R = ζ(aA′

1 + bB′
1),

aA2 + bB2 = pC1 + qC2,
γ (aA′

2 + bB′
2) = pC1 − qC2,

pC3 + qC4 = Tt(A3 − iB3),
pC3 − qC4 = γTt(A′

3 − iB′
3),

(7)

where A1 = Ai(−η1(x = 0)), B1 = Bi(−η1(x = 0)), A′
1 =

Ai′(−η1(x = 0)), B′
1 = Bi′(−η1(x = 0)), A2 = Ai(−η1

(x = L)), B2 = Bi(−η1(x = L)), A′
2 = Ai′(−η1(x = L)),

B′
2 = Bi′(−η1(x = L)), A3 = Ai(−η2(x = L + d)), B3 =

Bi(−η2(x = L + d)), A′
3 = Ai′(−η2(x = L + d)), B′

3 =
Bi′(−η2(x = L + d)), C1 = eikL, C2 = e−ikL, C3 = eik(L+d),
C4 = e−ik(L+d), ζ = i/k0(2meF/�2)1/3, and γ = i/k
(2meF/�2)1/3. Ai′ and Bi′ are the first derivatives of Ai
and Bi, respectively, with respect to their arguments. The
transmission coefficient Tt is then obtained as

Tt = 2
π [P2(A1+ζA′1)+P1(B1+ζB′1)] , (8)

where P1 = A2/γ (K1C1 − K2C2)− A′
2(K1C1 + K2C2), P2

= B′
2(K1C1 + K2C2)− (B2/γ )(K1C1 − K2C2), K1 = (A3

− iB3 + γ (A′
3 − iB′

3))/2C3, and K2 = (A3 − iB3
− γ (A′

3 − iB′
3))/2C4.

The transmission probability, defined as D(ε) = jt/ji,
is the transmitted probability current density relative to
the incident probability current density, with probabil-
ity current density j = i�/2m(ψ∇ψ∗ − ψ∗∇ψ), which is
obtained as

D(ε) = 1
π

1
k0
(2meF/�2)

1/3|Tt|2. (9)

The electron-emission current density can therefore be
calculated by

J = e
∫ ∞

0 D(ε)N (ε)dε, (10)

where D(ε) is given in Eq. (9) and N (ε) = (mkBT/2π2�3)

ln[1 + exp((EF − ε)/kBT)] is the flux of electrons with
longitudinal energy ε impinging on the metal surface, kB
is the Boltzmann constant and T is the temperature [16,57,
58]. For convenience, a short summary of the derivation of
N (ε)dε is provided in the Supplemental Material [59].

III. RESULTS

A. Resonant tunneling through the quantum well

The quantum well formed due to ions, atoms, nanopar-
ticles, etc. alters the surface-potential barrier, leading to
strong resonant tunneling at certain energy levels [32,60,
61], and thus, modulation of the field-emission current.
Figure 2 shows a representative comparison of field emis-
sion from a bare metal surface and that with a nearby
quantum well. The metal is gold, with a work func-
tion of W = 5.1 eV and Fermi energy of EF = 5.53 eV.
Unless stated otherwise, these are the default proper-
ties of the metal in this study. The energy diagram for
a bare metal and metal surfaces with a quantum well
(d = 3 nm, L = 1.5 nm, and H = 6 eV), under a dc field

d = 3 nm
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FIG. 2. (a) Energy diagram for a bare metal (magenta dashed line) and a metal surface with a quantum well of d = 3 nm, L = 1.5 nm,
and H = 6 eV (blue solid line) under a dc field of F = 2.8 V/nm. (b) Emission-current-density energy spectrum for field emission
without [calculated from Eq. (7) in Ref. [62] ] and with a quantum well [calculated from Eq. (10)] as a function of initial electron
energy ε; (c) semilog plot of (b). We assume the metal is gold, with work function W = 5.1 eV and Fermi energy EF = 5.53 eV.
Temperature in Eq. (10) is taken as T = 300 K.
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of F = 2.8 V/nm, is shown in Fig. 2(a). With the presence
of a quantum well, electrons with initial energies between
0.43 and 6.43 eV have to tunnel through two separate bar-
riers with the quantum well in between, which can produce
resonant tunneling behavior. It can be found that the field-
emission current density per energy, J (ε) = eD(ε)N (ε),
has a maximum resonance peak orders of magnitude higher
than that for a bare metal surface, i.e., 2.15 × 104 A/m2 eV
versus 8.90 A/m2 eV, as shown in Figs. 2(b) and 2(c).
The corresponding total emission current densities are
105 and 3.07 A/m2, respectively, showing a significantly
enhanced emission current density with a quantum well.
In the meantime, the energy spread of emitted electrons
with a quantum well is orders of magnitude narrower than
that from the bare metal surface, with a full width at half
maximum (FWHM) of <0.008 eV versus about 0.3 eV in
J (ε), as shown in Figs. 2(b) and 2(c). This can be useful
for producing collimated electron beams.

It has to be pointed out that the resonance is confined
to a small region on nanostructures; there is image-charge-
potential-induced modification of the well; coulomb wells
are not square wells; and the well may be filled or depleted
of charges with a time constant. In the case of field-emitter
arrays, many tips contribute to the total emission current.

Because of these factors, the order of magnitude increase in
1D current density does not simply imply similar increases
in total emitted current. Nevertheless, as shown in Fig.
S1 within the Supplemental Material [59], the resonance
effects inside the quantum well result in spikes on the
current-field curves; this is similar to the experimental and
theoretical observations of the current-voltage curves in
Refs. [27,39,40].

Figures 3(a)–3(c) show the emission current density,
calculated from Eq. (10), as a function of quantum well
width d, under different dc fields F, well depths H, and dis-
tances to surface L, respectively. Multiple resonance peaks
are clearly observed in these curves, some of which are
indicated by downward triangles. As shown in Figs. 3(a)
and 3(b), the increase of F and H results in the shift of
the resonance peaks to smaller d. When L increases to 3
and 5 nm in Fig. 3(c), the curves show approximately peri-
odic oscillations with more resonance peaks. The quantum
well widths at which there are resonance peaks, obtained
from J –d curves in Figs 3(a)–3(c), are plotted as upward
triangles connected with solid lines in Figs. 3(d)–3(f). Only
the first five resonance peaks are shown in Figs. 3(d) and
3(e). In Fig. 3(f), when L ≥ 2.5 nm, we show the position
of every other resonance peak for the first ten peaks.

(a) (b) (c)

(d) (f)

Model
Eq (11)

(e)

H (eV) L (nm) =

1.5 2.01.0

6.0 7.0 8.0 Pe
ak

Pe
ak

Pe
ak

0.0

FIG. 3. Field-emission current density, calculated from Eq. (10), as a function of quantum well width d under different (a) dc field
F, with L = 0.1 nm and H = 6 eV; (b) well depth H, with L = 0.1 nm and F = 4 V/nm; and (c) distance to surface L, with H = 6 eV
and F = 4 V/nm. Quantum well width at which resonance peaks appear in J -d plots at different (d) F, (e) H, and (f) L, corresponding
to cases in (a)–(c), respectively. Upward triangles in (d)–(f) are extracted from Figs. 3(a)–3(c). Circles are calculated using Eq. (11).
Temperature in Eq. (10) is taken as T = 300 K.
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(a) (b)
F (V/nm) =

(c)

L (nm) d (nm)

FIG. 4. Field-emission current density, calculated from Eq. (10), as a function of quantum well depth H under different (a) dc field
F, with d = 1 nm and L = 0.1 nm; (b) distance from the well to the metal surface L, with d = 1 nm and F = 4 V/nm; and (c) quantum
well width d, with L = 0.1 nm and F = 4 V/nm. Temperature in Eq. (10) is taken as T = 300 K. Horizontal dashed lines represent the
emission current density from bare metal surfaces under the given dc field.

It is interesting to note that the relationship between well
width and electron wavelength at which resonance peaks
appear is given by

d = nλ
2

, n = 1, 2, 3, . . . . (11)

Here, λ = 2π/k, with k =
√

2m[ε − (V0 − H − eFL)]/�2

given in Eq. (5). Equation (11) also explains the varia-
tion of resonance peak position with F, H, and L. Since
the majority of electron emission at room temperature
occurs with the initial energy near EF [53,63–65], we
take ε= EF in Eq. (11), with other parameters being the
same as those in Figs. 3(a)–3(c). The results are shown
as circles connected with dashed lines in Figs. 3(d)–3(f).
Good agreement between our exact model and Eq. (11) is
obtained.

B. Enhanced field emission by the quantum well

Figure 4 shows the field-emission current density as a
function of quantum well depth H under a different dc
field F, distance from well to surface L, and quantum well
width d. Horizontal dashed lines in each subfigure repre-
sent the emission current density from bare surfaces for a
given dc electric field. It is found that the emission current
density can be enhanced by the presence of quantum wells
under certain conditions. The arrow in Fig. 4(a) and trian-
gles in Figs. 4(b) and 4(c) indicate threshold H at which
the emission current density from surfaces with a nearby
quantum well equals that from bare surfaces. When F
increases, this threshold H shifts towards a smaller value.
As L increases from 0.1 to 0.5 nm with a constant interval
of 0.2 nm, threshold H becomes smaller and the differ-
ence between those threshold values is almost equal. As

(b)(a) (c)

d (nm)H (eV)

F (V/nm) =

FIG. 5. Field-emission current density, calculated from Eq. (10), as a function of distance from the left edge of the well to the metal
surface, L, under different (a) dc field F, with d = 3 nm and H = 6 eV; (b) well depth H, with d = 3 nm and F = 4 V/nm; and (c) well
width d, with H = 6 eV and F = 4 V/nm. Temperature in Eq. (10) is taken as T = 300 K. Horizontal dashed lines represent the emission
current density from bare surfaces under the given dc field.
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J/JB J/JB(a) (b)

FIG. 6. (a) Normalized field-emission current J /JB as a function of L and H, with JB being the emission current density from bare
metal surfaces; (b) detailed view of (a) for L> 2 nm. In (a), red dashed line corresponds to eFL + H = W + 0.18 eV, and horizontal
magenta dashed line corresponds to eFL = W. Here, F = 4 V/nm and d = 1 nm.

shown in Fig. 4(c), under a different quantum well width
d, threshold H remains unchanged. For those cases with H
larger than the threshold value under given parameters, the
presence of a quantum well shows an enhancement for the
emission current density in general, and the current density
oscillates with respect to H.

Figure 5 shows the field-emission current density as a
function of distance from the left edge of the well to the
surface, L, under different dc fields F, well depths H, and
well widths d. These curves show two distinct regions: one
with the emission current density enhanced by a few times
to several orders of magnitude compared with the bare
surface, and the other with the emission current density
oscillating around the constant emission current density
from bare surfaces. The separation of the two regions is
indicated by red triangles. In the oscillation region, the
oscillation magnitude is dampened as L increases. The red
ellipse in Fig. 5(b) indicates where the emission current

density starts to be enhanced compared to bare surfaces,
which is similar to the points indicated by the arrows and
triangles in Fig. 4.

It is of great interest to quantify the condition of the
quantum well under which enhanced field emission occurs.
According to the energy diagrams corresponding to Figs.
4 and 5 (see Figs. S2 and S3 within the Supplemental
Material [59]), it is found that, when the quantum well
satisfies

eFL + H ≥ W + C, (12)

with C being constant under the given dc field, the sur-
face with a nearby quantum well starts to produce an
enhanced field-emission current. In addition, the condition
eFL ≈ W separates the strong enhancement region and the
oscillation region, where the strong enhancement region is

(a) (b)

Bare metal

Bare metal

(c)

FIG. 7. Narrowing of the electron-emission-energy spectrum for enhanced field emission. (a) Normalized electron-emission-energy
spectrum for surfaces with (green) and without (gray) a quantum well. From top to bottom, quantum well is with L = 1, 1.6, and
3 nm, with fixed width d = 1 nm and depth H = 6 eV; dc field is F = 4 V/nm. (b),(c) Left axis, normalized field-emission current J /JB,
with JB being the emission current density from bare metal surfaces (solid green line) as a function of F; right axis, FWHM of the
maximum peak in energy spectra as a function of F for surfaces without (dashed red line) and with a quantum well (solid red line). In
(b), quantum well has H = 6 eV, d = 1 nm, and L = 1 nm. In (c), quantum well has H = 6 eV, d = 1 nm, and L = 3 nm.
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F (V/nm) =

EF

(a) (b)

~–0.3 eV/(V/nm)

Pe
ak

FIG. 8. (a) Field-emission energy spectrum, J (ε) = eD(ε)N (ε), under different dc fields F. Here, L = 0.3 nm, d = 1 nm, and
H = 6 eV. Blue and red triangles indicate resonance peaks. (b) Resonance peak position in J (ε) as a function of dc field F.

bounded by

eFL ≤ W. (13)

Thus, L and H are two key properties that determine
whether it can produce an enhanced field emission under
a given dc field, through the two conditions in Eqs. (12)
and (13).

Figure 6 plots the normalized emission current density,
J /JB, as a function of L and H, with JB being the emis-
sion current density from bare surfaces, for F = 4 V/nm
and d = 1 nm. The color regions show the enhance-
ment part, i.e., J /JB> 1, with an enhancement factor of
up to 4.2 × 106. The white region corresponds to emis-
sion suppression, i.e., J /JB< 1. The red dashed line in
Fig. 6(a) is eFL + H = W + C, with C = 0.18 eV, which
overlaps with the lower-left boundary of the enhance-
ment region. The horizontal magenta dashed line in
Fig. 6(a) is eFL = W. The oscillation region, with alternat-
ing enhancement and suppression subregions, lies above
this magenta dashed line. The enhancement subregion
has an enhancement factor of no more than two, which
is shown in Fig. 6(b). More calculations for normalized
emission current density as a function of L and H under
different combinations of d and F are given in Fig. S4
within the Supplemental Material [59]. The constant C
shows no obvious dependence on d and increases when
dc field strength F increases. Note that Jensen [40] mod-
eled the resonance tunneling probability analytically as a
Lorentzian with inputs derived from a transfer-matrix anal-
ysis [cf. Eq. (1) and Fig. 1 in this work with Eq. (22) and
Fig. 3 of Ref. [40] ]. A comparison of the current analysis
of emission-current features under different L and H (e.g.,
in Fig. 6) using the Lorentzian approach would be useful;
this requires further study.

C. Narrowing of the electron-emission-energy
spectrum

Enhanced field emission due to quantum interference
in the quantum well is characterized by narrowed
resonance peaks in the electron-emission-energy spectrum.
Figure 7(a) shows the normalized electron-emission
current density per energy, J̄ (ε) = J (ε)/Jmax(ε), with
respect to the maximum of Jmax(ε), with green solid
(gray dashed) curves for field emission with (without)
a quantum well. For L = 1, 1.6, and 3 nm, from top
to bottom, the emission current density is 2.28 × 106,
8.15 × 103, and 3.06 × 104 A/m2, respectively, compared
to 2.73 × 104 A/m2 for a bare metal surface. The greatly
enhanced field emissions have higher peak values in the
spectra, which are 1.29 × 108, 1.13 × 104, and 7.54 ×
104 A/m2 eV for L = 1, 1.6, and 3 nm, respectively, com-
pared with 5.83 × 104 A/m2 eV from a bare surface. The
quantum well enhanced field emission also has a narrowed
peak spectrum, which can be shown more clearly by the
full width at half maximum (FWHM) of the maximum
peak in the spectra in Figs. 7(b) and 7(c). The left axis in
Figs. 7(b) and 7(c) shows the normalized field-emission
current, J /JB (with JB being the emission current den-
sity from bare metal surfaces), as a function of F (green
curves). It is obvious that J /JB> 1 for the dc fields shown
in Fig. 7(b), with the ratio ranging from 1.29 to 8.1 × 105.
The FWHM of the resonance peaks varies from 3.8 × 10−3

to 2.2 × 10−2 eV, which is significantly smaller than that
of bare surfaces, as it varies from 0.17 to 0.51 eV, when
F increases from 1 to 5 V/nm. In Fig. 7(c), enhanced
field emission J /JB is realized for F< 1.4 V/nm and
the resonance peak width is also much narrowed. When
F> 1.4 V/nm, J /JB oscillates around 1, and the FWHM of
the emission peak also oscillates around that of the bare
surface. The observation that enhanced field emission is
characterized by a narrowed spectrum is further confirmed
by more calculations for different combinations of F, L, d,
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and H in Figs. S5 and S6 within the Supplemental Material
[59].

D. Linear shift of resonance peaks with increasing dc
field

Figure 8(a) shows the electron-emission current density
per energy, J (ε) = eD(ε)N (ε), under different dc fields,
with L = 0.3 nm, d = 1 nm, and H = 6 eV. It is clear that
the emission current density increases when the dc field
increases. It is observed that resonance peaks shift towards
smaller initial energy ε as F increases. The blue and red
downward triangles indicate the first two resonance peaks
from left to right on the spectrum. The initial energy where
there is a resonance peak is shown as a function of dc
field in Fig. 8(b). Downward triangles are obtained from
the energy spectrum, with blue (red) ones corresponding
to the first (second) resonance peak, as shown in Fig. 8(a).
The position of the resonance peak in J (ε) shows a linear
relationship with F, with a fitting slope of approximately
−0.3 eV/(V/nm). The fitting slope corresponds to −eL.
The linear fitting curve is

εp = εp0 − eFL. (14)

Here, the y intercept is around the eigenenergy for elec-
trons confined in a quantum well without a dc field, which
can be obtained from Eq. (11) with F = 0 and is

εp0 = EF + W − H + π2
�

2

2md2 n2, n = 1, 2, 3, . . . . (15)

The y intercept in Eq. (14) from linear fitting is 4.91 and
5.74 eV, respectively, for the first and second resonance
peaks. Calculation of εp0 from Eq. (15) gives 5.01 and
6.13 eV, respectively. Figure S7 within the Supplemental
Material [59] provides more calculations for L = 0.1 and
3 nm. These results further confirm the linear relationship
between the peak position in J (ε) and dc field F in Eq.
(14).

IV. CONCLUSION

We construct a quantum mechanical model for field
emission from surfaces with nearby ions, atoms, nanopar-
ticles, etc., which form a quantum well near the surfaces
and modify the surface-potential barrier. The quantum well
is simplified to be a square potential well with depth H,
width d, and distance to the surface L. The exact analytical
theory is developed by solving the 1D time-independent
Schrödinger equation, which includes the effects of the
metal surface (work function and Fermi energy) and quan-
tum well (H, d, and L). It is found that the quantum
well can lead to resonant enhanced field emission, with
an enhancement factor greater than 105 compared to bare
metal surfaces. The highly enhanced field emission is also
characterized by significantly narrowed resonance peaks

(∼50 times smaller) in the electron-emission-energy spec-
trum. The strong enhancement region is confined by the
boundaries that eFL + H > W + C, with C being a con-
stant dependent on F and eFL ≤ W. It is also found that the
resonance peaks in the electron-emission-energy spectrum
shift linearly to smaller energy ε with increasing F, which
follows εp = εp0 − eFL, with εp0 being approximately the
eigenenergy for electrons confined in a potential well with-
out a dc field. The theory provides insights for the design
of high-efficiency emitters to produce highly collimated
electron beams.

Quantum theory is valid for an arbitrary dc field (below
the damage threshold). The fields in the dielectric region
between the metal surface and the quantum well and in
the vacuum are taken to be the externally applied dc
field, without considering any field enhancement due to
the geometrical effects and plasmonic effects [61,66] of
the emitters and those of nearby ions, atoms, molecules,
nanoparticles, etc. The 1D model may be applied to
3D nanostructures by considering the effective surface-
field enhancement, in view of the promising outcome of
similar treatments, as demonstrated by the good agree-
ment of the 1D analytical quantum model for two-color
laser-induced photoemission from nanotips, including field
enhancement, with experimental results [67,68]; of the 1D
analytical quantum model for pulsed-laser-induced pho-
toemission with experiments of 3D laser spots [64,69];
and of applying a 1D tunneling model to study the time-
dependent tunneling current in a THz-modulated STM
nanotip [70]. The top and bottom edges of the well are
assumed to remain horizontal without being distorted by
a dc field or image charge field. A modification of the
model with the field inside the well being considered (i.e.,
the bottom of the well with a slope of –eF) shows about
7.8% difference in the emission current density from the
model in Fig. 1, when L = 3 nm, d = 1 nm, H = 6 eV,
F = 4 V/nm, and the dc field inside the well is 2 V/nm. The
field inside the quantum well will further lower the bottom
of the well, which can shift the resonance peaks towards
lower-electron-energy levels (results not shown, but can
also be inferred from Fig. 8). It is also found that, when the
dc field inside the quantum well decreases, the emission
current density from the modified model gets closer to that
calculated using the model in Fig. 1. The nonlinear surface
field profile and more realistic surface potential with defor-
mation may be considered. We have to resort to numerical
methods, such as the transfer-matrix method.

While adopted here for simplicity and its exact analyt-
ical solution, the 1D quantum well approach is broadly
used to study multilayered cathodes, nanoparticles on a
metallic cathode surface, nanoprotrusion on top of a sharp
emitter, etc.; these have shown good agreement with exper-
iments [27,41,71]. Simple 1D models can give insights into
important scaling of the physical properties and can cap-
ture the key features of resonant-tunneling-field-emission
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current-voltage characteristics and energy distribution in
3D experiments. Our 1D model may even be directly used
to capture the “irregular” shape of a realistic potential
well, by approximating such a well with the corresponding
square well to reserve the same resonances, as in Ref. [40]
(see Fig. 4 therein). Nevertheless, it is shown that, when the
ion is outside the metal, the model with a 3D ion potential
results in a smaller tunneling probability than in the 1D
potential model [72,73]. Detailed numerical calculations
with 3D potential may be employed to provide quantita-
tive evaluation when dealing with the cathode surface with
nearby ions, atoms, and nanoparticles [73]. Such numeri-
cal calculations may be compared with the 1D model with
effective surface field enhancement mentioned above.

It is also worthwhile to note that, while we consider a
metal surface in this work, our theory is expected to be
applicable to other materials as well, such as semiconduc-
tors or low-dimensional materials. The electron mass in all
regions is currently assumed to be the electron rest mass,
which may not be valid for multilayered semiconductor
cathodes [16]. This can be done by changing the effec-
tive electron mass in the corresponding region. The density
of states of semiconductors is different from that of met-
als, which has to be considered. As intuitively expected,
an improvement in field-emission current density (e.g.,
Figs. 4 and 8) may indicate that the location of the bound
states are being pulled into an energy region that the elec-
tron supply can access, thus resulting in emission peaks.
Our analysis of how the location and properties of reso-
nant structures impact emission may be used to examine
the location and properties of such states. It may also be
applied to qualitatively model tunneling during the motion
of a charged ion towards the surface. There could be filling
and depletion of charges in the well with a time con-
stant; this can alter the potential profile [37]. It is shown
that electron-confinement regions at the emitter surface (in
the nanoparticles) have effects on the current-voltage rela-
tionship with steplike features [41]. A modification of the
square quantum well of our model may be explored to con-
sider the filling or depletion of charges in the well, by
consistently solving Poisson’s equation together with the
Schrödinger equation. The shot-noise-like emission behav-
ior seen in semiconductor emitter cathodes [36] may also
be implied from analysis using our model. A compari-
son of the energy distributions (e.g., shown in Fig. 7) to
the energy-distribution measurements on silicon field emit-
ters (e.g., Fig. 5 of Ref. [37]) invites speculation as to
whether charged inclusions in the oxide are responsible
for the energy-spectrum shifts under different gate voltages
[38]. Further analysis using our model might help to reveal
the role of charge inclusions in the well on the energy
spectrum of emission, which are more relevant to materi-
als such as semiconductors or low-dimensional materials.
Future work may also include coupling this field-emission
model with microscale gas breakdown, so we can have a

better understanding of the modified Paschen’s curve in
a microscale gap. The work may further be extended to
study photoemission [63,64,74] with quantum wells or in
nanogaps [75,76], as well as secondary electron emission
[77–79] with resonant structures.
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Supplementary material 

1. Supply function N(ε) 

The following derivation is based on refs [1-3].  

N(ε)dε gives the flux of electrons with initial longitudinal enegy (energy component in x 

direction) between ε and ε+dε impinging on the metal surface, which is obtained by integrating 

the product of metal’s three-dimensional (3D) electron density of state (DOS) with probability of 

occupation of the states over the transverse momentum (or velocity) components, 

𝑁(𝑘𝑥)𝑑𝑘𝑥 = ∫ 𝑑𝑘𝑦

∞

−∞

∫ 𝑑𝑘𝑧

∞

−∞

(
1

𝜋3

2

8
) 𝑓(𝐸)𝑣𝑥𝑑𝑘𝑥 (𝑆1) 

where 2/(8𝜋3)  is the number of states per unit volume in momentum space (k-space), with 2 

accounting for the two states of electrons of opposite spins for a given �⃑�  state and 1/8 accounting 

for the indistinguashable quantum state differed only in sign in the three dimensions, 𝑓(𝐸) =

1/ [1 + exp (
𝐸−𝐸𝐹

𝑘𝐵𝑇
)]  is the Fermi-Dirac distribution, and 𝑣𝑥 = √2𝐸𝑥/𝑚  the velocity along x 

direction. Tranform the integral from cartisian coordinate to polar coordinate, we obtain 

𝑁(𝑘𝑥)𝑑𝑘𝑥 = ∫ 𝑑𝜃
2𝜋

0

∫ 𝑘𝑟𝑑𝑘𝑟

∞

0

(
1

4𝜋3
) 𝑓(𝐸)𝑣𝑥𝑑𝑘𝑥 (𝑆2) 

From 𝐸 − 𝐸𝑐 =
ℏ2𝑘2

2𝑚
 with the bottom of conduction band Ec = 0 in our model (see Fig. 1), 𝑑𝑘 =

𝑚

ℏ√2𝑚𝐸
𝑑𝐸, and therefore 𝑘𝑟 =

√2𝑚𝐸𝑟

ℏ
, 𝑑𝑘𝑟 =

𝑚

ℏ√2𝑚𝐸𝑟
𝑑𝐸𝑟, 𝑑𝑘𝑥 =

𝑚

ℏ√2𝑚𝐸𝑥
𝑑𝐸𝑥, 𝐸 = 𝐸𝑥 + 𝐸𝑟. Thus, 

Eq. (S2) can be written as 
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𝑁(𝐸𝑥)𝑑𝐸𝑥 = 2𝜋 ∫
𝑚

ℏ2
𝑑𝐸𝑟 (

1

4𝜋3
)

1

1 + exp (
𝐸𝑟 + 𝐸𝑥 − 𝐸𝐹

𝑘𝐵𝑇
)

∞

0

√
2𝐸𝑥

𝑚

𝑚

ℏ√2𝑚𝐸𝑥

𝑑𝐸𝑥

=
𝑚

2𝜋2ℏ3
𝑑𝐸𝑥 ∫

1

1 + exp (
𝐸𝑟 + 𝐸𝑥 − 𝐸𝐹

𝑘𝐵𝑇
)
𝑑𝐸𝑟

∞

0

=
𝑚𝑘𝐵𝑇

2𝜋2ℏ3
ln (1 + 𝑒

𝐸𝐹−𝐸𝑥
𝑘𝐵𝑇 )𝑑𝐸𝑥 

(𝑆3) 

Since 𝜀 = 𝐸𝑥, Eq. (S3) becomes 𝑁(𝜀)𝑑𝜀 in Eq. (10), in the unit of 
1

𝑚2∙𝑠
. 

 

2. Effects of dc field on field emission from surfaces with a nearby quantum well 

Figure S1 shows the electron emission current as a function of applied dc field. Spikes can be 

observed at certain fields, and they shift when the quantum properties (d, L, and H) change. 

Resonance effects induced spikes are similar to the experimental and theoretical observations on 

the current-voltage curves in Ref. [4-6].  

 

 

Figure S1. Electron emission current as a function of applied dc electric field under various 

quantum well properties. 

 

3. Energy diagram for field emission from surfaces with a nearby quantum well 

Figure S2 shows energy diagrams for cases indicated by arrowed curve and triangles in Fig. 

4 in the main text. The arrowed curve and triangles indicate the threshold H value at which the 
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emission current from metal surfaces with a nearby quantum well equals that from bare metal 

surfaces. These threshold H values are shown for each curve in Fig. S2. It can be found that the 

bottom of the quantum well is just below the Fermi level, i.e., 𝑒𝐹𝐿 + 𝐻 = 𝑊 + 𝐶 with 𝐶 being 

constant dependent on F (see Fig. S4). 

 

 
Figure S2. Energy diagram for field emission from metal surfaces with a nearby quantum well 

with threshold well depth H under a different (a) dc field F; (b) distance between the quantum 

well and the surface L; (c) well width d. In (a), L = 0.1 nm, and d = 1 nm. In (b), F = 4 V/nm, and 

d = 1 nm. In (c), F = 4 V/nm, and L = 0.1 nm. 

 

Figure S3 shows energy diagrams for cases indicated by triangles in Fig. 5(a) in the main text. 

The triangles indicate the L value at which the emission current from metal surfaces with a nearby 

quantum well as a function of L is seperated into two regions, i.e., the enhancement region and the 

oscillation region. It can be observed from Fig. S3 that around these L values the top of the quantum 

well falls closely above or below the Fermi level, i.e., 𝑒𝐹𝐿 ≈ 𝑊. 

Therefore, the conditions of 𝑒𝐹𝐿 + 𝐻 = 𝑊 + 𝐶 and 𝑒𝐹𝐿 ≈ 𝑊 bound the region where there 

is strongly enhanced field emission current, and 𝑒𝐹𝐿 > 𝑊 refers to the oscillation region where 

there is alternating enhanced and suppressed field emission compared to bare surfaces. 
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Figure S3. Energy diagram for field emission from metal surfaces with a nearby quantum well 

with different distances to the surface L under different dc fields F. Here, d = 3 nm and H = 6 eV. 

 

4. Boundaries separating the enhancement region and the oscillation region 

Figure S4 presents normalized emission current density J/JB as a function of L and H under 

different combinations of d and F, with JB being the emission current density from bare surfaces. 

The white region correponds to the suppression region which has an emission current smaller than 

that from bare surfaces. The color region corresponds to the enhancement region. The area 

enclosed by the red dashed line and megenta dashed line confines the strong enhanment region 

with an enhancement factor much larger than 1. The red line is 𝑒𝐹𝐿 + 𝐻 = 𝑊 + 𝐶 . When F 

increases from 4 V/nm (Fig. 6 in the main text) to 6 V/nm (Fig. S4(a)) and 8 V/nm (Fig. S4(b)), 

the constant C increases from 0.18 eV to 0.3 eV and 0.5 eV. C shows its dependence on dc field F.  

When d increases from 1 nm (Fig. 6 in the main text) to 2 nm (Fig. S4(c)) and 3 nm (Fig. S4(d)), 

the constant C remains unchanged as 0.18 eV. 
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Figure S4. Normalized field emission current J/JB as a function of L and H under different 

combinations of d and F. (a) d = 1 nm and F = 6 V/nm; (b) d = 1 nm and F = 8 V/nm; (c) d = 2 

nm and F = 4 V/nm; (d) d = 3 nm and F = 4 V/nm. JB is the emission current density from bare 

metal surfaces. The red dashed lines corresponds to (a) 𝑒𝐹𝐿 + 𝐻 = 𝑊 + 0.3 eV; (b) 𝑒𝐹𝐿 + 𝐻 =

𝑊 + 0.5 eV; (c) 𝑒𝐹𝐿 + 𝐻 = 𝑊 + 0.18 eV; (d) 𝑒𝐹𝐿 + 𝐻 = 𝑊 + 0.18 eV. The megenta dashed 

line corresponds to 𝑒𝐹𝐿 = 𝑊. 

 

5. Narrowing of electron emission energy spectrum 

Figure S5 shows the ratio of the emission current density J to that from bare surfaces JB (left 

axis) and the FWHM of the maximum resonance peak in electron emission energy spectra (right 

axis) as a function of F for L = 0.5 nm and L = 1.6 nm with H = 6 eV and d = 1 nm. It can be 

oberved from Fig. S5(a) that the emission current density enhancement factor is ≥2.47 and 
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FWHM is ~ 4 × 10-3 eV compared to > 0.17 eV for bare surface. As shown in Fig. S5(b), the strong 

enhancement regions, 1 ≤ F ≤ 1.5 V/nm, and 1.9 ≤ F ≤ 2.8 V/nm, with enhancement factor > 

2, have their FWHM ~ 70 times smaller than that of the bare surfaces. When J/JB ≈ 1, its FWHM 

also socillates around that of bare surfaces. 

 

 
Figure S5. Left axis: J/JB (green) as a function of F; Right axis: Full width half maximum 

(FWHM) of the maximum peak in energy spectra as a function of F. In (a), the quantum well has 

H = 6 eV, d = 1 nm, and L = 0.5 nm. In (b), the quantum well has H = 6 eV, d = 1 nm, and L = 1.6 

nm. 

 

Figure S6 shows J/JB (left axis) and FWHM of the emission peak in electron emission energy 

spectra (right axis) as a function of L (Fig. S6(a) and S6(b)), H (Fig. S6(c) and S6(d)), and d (Fig. 

S6(e) and S6(f)). It further confirms that the strong enhancement region is also characterized by a 

narrowed resonance peak and that J/JB ~ 1 is characterized by a peak width close to that of bare 

surfaces. 
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Figure S6. J/JB (green) and FWHM of the maximum peak in energy spectra (red) as a function of 

(a) and (b) L; (c) and (d) H; and (e) and (f) d, for surfaces without (dashed red line) and with 

(solid red line) a quantum well. 

 

6. Linear shift of resonance peaks in energy spectrum with dc field 

Figures S7(a) and S7(b) show electron emission current density per energy, 𝐽(𝜀) =

𝑒𝐷(𝜀)𝑁(𝜀), under different dc fields, for L = 0.1 nm and L = 3 nm, respectively. The triangles in 

Fig. S7(a) and arrowed lines in Fig. S7(b) indicate resonance peaks on the electron emission energy 

spectra, and their corresponding positions are extracted and plotted as triangles in Figs. S7(c) and 
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S7(d) respectively. The linear fittings, shown as solid lines in Figs. S7(c) and S7(d), result in slopes 

of ~ -0.1 eV/(V/nm) and ~ -3 eV/(V/nm), respectively, which are ~ −𝑒𝐿, as in Eq. (14) in the main 

text. The fitted y-intecepts in Fig. S7(c) are 4.91 eV and 5.73 eV, which are close to the 

eigenenergies of 5.01 eV and 6.13 eV calculated from Eq. (15) in the main text. The fitted y-

intecepts in Fig. S7(d) are 4.91 eV, 5.74 eV, and 7.09 eV, which are close to the eigenenerges of 

5.01 eV, 6.13 eV, and 8.01 eV calculated from Eq. (15) in the main text. It is found that lower 

eigenenergies match better with those fitted y-intecepts.  

 

 

 

Figure S7. (a) and (c) Field emission energy spectrum, calculated from 𝐽(𝜀) = 𝑒𝐷(𝜀)𝑁(𝜀), under 

different dc fields F. In (a) L = 0.1nm, d = 1nm, and H = 6eV and in (b) L = 3nm, d = 1nm, and 

H = 6eV. (b) and (d) Resonance peak position in 𝐽(𝜀) as a function of dc field F. 
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