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ABSTRACT

This paper studies a quantum mechanical model for photoemission from a metal surface due to the excitation of laser electric fields, which
was developed by solving the time-dependent Schrödinger equation exactly. The quantum model includes the effects of laser fields (wavelength
and intensity), properties of metals (Fermi energy and work function including Schottky effect), and the applied dc field on the cathode
surface. Shorter wavelength lasers can induce more photoemission from electron initial energy levels further below the Fermi level and, there-
fore, yield larger quantum efficiency (QE). The dc field increases QE, but it is found to have a greater impact on lasers with wavelengths close
to the threshold (i.e., the corresponding photon energy is the same as the cathode work function) than on shorter wavelength lasers. The
quantum model is compared with existing classical models, i.e., the three-step model, the Fowler–DuBridge model, and the Monte Carlo simu-
lation based on the three-step model. Even though with very different settings and assumptions, it is found that the scaling of QE of the
quantum model agrees well with other models for low intensity laser fields. When the laser field increases, QE increases with the laser field
strength in the longer laser wavelength range due to the increased contributions from multiphoton absorption processes.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004140

I. INTRODUCTION

Laser-driven photoelectron emission is important to photoin-
jectors in free electron lasers and accelerators,1,2 ultrafast electron
microscopes,3 x-ray sources,4 femtosecond electron diffraction,5

and novel vacuum nanoelectronics.6–8 The mechanisms of laser-
driven photoemission from metal surfaces have been studied exten-
sively both theoretically and experimentally.2,9–16 For decades, the
fundamental models of photoemission remain those of classical
treatment models, such as the three-step model (TSM)13–18 and the
Fowler–DuBridge (FD) model.9–12 There have also been recent
interests in multi-photon absorption induced over-barrier emission
for weak laser fields, photon-assisted tunneling, and optical field
tunneling emission for strong laser fields.19–23 Quantum treatments
of the photoemission from metal surfaces assume that the free elec-
trons inside the metal are confined by a step potential barrier,
which can be modulated by a dc field or a laser field.24 Recently, an
analytical model for electron emission from metal surfaces due to
the arbitrary combination of dc electrical field and laser electric

field was constructed by solving the time-dependent Schrödinger
equation exactly.22 The model has been extended to two-color laser
induced electron emission.25,26 It includes the effects of lasers
(wavelength and intensity), dc electric field, and metal properties
(work function and Fermi level). However, it only considers elec-
trons with initial energy at the Fermi level, without considering the
contribution of photoemission from electrons with other initial
energies inside the cathode.

Here, we extend the quantum model (QM) for photoemission
based on the exact solution of the time-dependent Schrödinger
equation to include the effects of electron energy states’ distribution
inside the metal, which is assumed to follow the Fermi–Dirac dis-
tribution. Electron emission mechanisms under various conditions
are analyzed. The quantum efficiency (QE), defined as the number
of emitted electrons per incident photon, is calculated from our
quantum model. The results are compared with the three-step
model [both the Dowell’s analytical model17,18 and a simple Monte
Carlo (MC) simulation] and the Fowler–DuBridge model.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 127, 164903 (2020); doi: 10.1063/5.0004140 127, 164903-1

Published under license by AIP Publishing.

https://doi.org/10.1063/5.0004140
https://doi.org/10.1063/5.0004140
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0004140
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0004140&domain=pdf&date_stamp=2020-04-24
http://orcid.org/0000-0001-6972-4822
http://orcid.org/0000-0003-0606-6855
mailto:pz@egr.msu.edu
https://doi.org/10.1063/5.0004140
https://aip.scitation.org/journal/jap


II. QUANTUM MODEL FOR PHOTOEMISSION

A. Formulation

Consider a one-dimensional (1D) model22,25,26 as shown in
Fig. 1, in which it is assumed that electrons with initial energy ε
are emitted from the metal–vacuum interface at x = 0, under the
action of both a laser field F1 cos ωt and a dc field F0, where F1 is
the magnitude of the laser field and ω is the frequency of the laser.
The laser field is assumed to be perpendicular to the interface and
cut off abruptly at the surface. This assumption may be justified
by that the laser penetration depth is much smaller than the laser
wavelength. Thus, the time-dependent surface potential barrier
is22,25,26

Φ(x, t) ¼ 0, x , 0,
EF þW � eF0x � eF1x cos ωt, x � 0,

�
(1)

where EF is the Fermi level of the metal, W ¼ W0 � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e3F0/16πε0

p
is the effective work function including the potential barrier lower-
ing by the Schottky effect due to the dc electric field F0, W0 is the
metal work function, e is the electron charge, and ε0 is the free
space permittivity. Note that, though Eq. (1) assumes a linear
potential in order to yield an analytical solution, it has been veri-
fied in Ref. 22 that this approach gives a very good approximation
of the more realistic nonlinear potential including image charge.27

Due to the omission of the laser penetration inside the metal, the
effects of electron–electron scattering and electron–phonon scatter-
ing, which may happen when electrons inside the metal move to
the surface, are also ignored in this model.

The electron wave function ψ(x, t) can be solved from the
time-dependent Schrödinger equation,

i�h
@ψ(x, t)

@t
¼ � �h2

2m
@2ψ(x, t)

@x2
þ Φ(x, t)ψ(x, t), (2)

where �h is the reduced Planck’s constant, m is the electron mass,
and Φ(x, t) is the laser field modulated surface potential barrier
given in Eq. (1).

For x , 0, the solution to Eq. (2) is

ψ(x, t) ¼ e�iε�htþik0x þ P1
n¼�1

Rne�iεþn�hω
�h t�iknx , (3)

where ε is the electron initial energy and Rn is the reflection
coefficient of the incident electron wave. Equation (3) is the super-
position of incident electron wave with the wave vector of

k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mε/�h2

p
, and reflected electron waves from the metal–

vacuum interface with the wave vector of kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m(εþ n�hω)/�h2

p
.

Taking the Truscott transformation,28 the exact solution to
Eq. (2) for x � 0 is found to be22,25,26

ψ(x, t) ¼
P1

n¼�1
Tne

i
ffiffiffiffiffiffi
2mEn
�h2

p
ξΘ(x, t), F0 ¼ 0,

P1
n¼�1

TnGn(x, t)Θ(x, t)e
�ie2F0F1 sin ωt

�hmω3 , F0 = 0,

8>><
>>: (4)

where Tn is the electron wave transmission coefficient, ξ ¼ x
þ(eF1/mω2)cosωt, En ¼ εþ n�hω� EF �W � Up with Up ¼ e2F2

1 /

4mω2, Θ(x, t) ¼ exp �i εþn�hω
�h t þ ieF1 sin ωt

�hω x
� þ ie2F21 sin 2ωt

8�hmω3 Þ, Gn(x, t)

¼ Ai(�ηn)� iBi(�ηn) with ηn ¼ (En/eF0 þ ξ)(2emF0/�h
2)

1/3
, and

Ai and Bi are the Airy function of the first and second kind.
Equation (4) is the transmitted electron wave traveling to the
vacuum side, and it is the superposition of electron waves with the
energy of εþ n�hω induced by different emission mechanisms,
namely, multiphoton absorption (n > 0), tunneling (n = 0), and
multiphoton emission (n < 0).22,25,26

Using boundary conditions that both ψ(x, t) and @ψ(x, t)/@x
are continuous at x = 0 and taking the Fourier transform, we
obtain, in the normalized form,

2
ffiffiffi
�ε

p
δ(l) ¼

X1
n¼�1

Tn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�εþ l�ω

p
Pn(n�l) þ Qn(n�l)

� �
, (5)

where δ is the Dirac delta function, Pnl ¼ 1/2π �Ð2π
0
pn(�ω�t)e�il�ω�td(�ω�t) and Qnl ¼ 1/2π � Ð2π

0
qn(�ω�t)e�il�ω�td(�ω�t) are the

Fourier transform coefficients, with

pn(�ω�t)¼ e
iF1

2

4�ω3
sin 2�ω�tei

2F1
�ω2

ffiffiffiffi
En

p
cos �ω�t , qn(�ω�t)¼ pn(�ω�t)

ffiffiffiffiffi
En

p
þ F1 sin �ω�t

�ω

� �
(6a)

for F0 = 0, and

pn(�ω�t)¼ z(�ω�t)s(αn), qn(�ω�t)¼ z(�ω�t)
F1 sin �ω�t

�ω
s(αn)þ F0

1
3r(αn)

� �
(6b)

for F0≠ 0, with z(�ω�t)¼ exp � i2F0F1 sin �ω�t
�ω3 þ iF1

2
sin 2�ω�t
4�ω3

� �
, s(αn)¼Ai(αn)

�iBi(αn), r(αn)¼ iAi0(αn)þBi0(αn), and αn¼�[�En/F0þð2F1/�ω2Þ

FIG. 1. Energy diagram for laser-driven photoelectron emission from a metal
surface with dc bias. The metal has Fermi level EF and original work function
W0. The dc field is F0, and the laser electric field is F1 cos ωt, both of which are
assumed perpendicular to the metal surface. The effective work function W ¼
W0 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e3F0/16πε0

p
with the Schottky effect. Left: Electrons inside the metal

are assumed to follow the three-dimensional Fermi–Dirac distribution f (E).
Center: The corresponding one-dimensional electron supply function with longi-
tudinal energy ε ¼ Ex is N(ε) [cf. Eq. (9)]. Right: The oscillating potential
barrier due to laser and dc fields.
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cos(�ω�t)]F0
1
3. A prime denotes the derivative with respect to its

argument. The quantities with a bar are in their normalized
form, defined as �ε ¼ ε/W, �ω ¼ �hω/W, �t ¼ tW/�h, �x ¼ x/λ0,
λ0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2/2mW

p
, F0 ¼ F0eλ0/W, F1 ¼ F1eλ0/W, EF ¼ EF/W,

Up ¼ Up/W, and En ¼ En/W ¼ �εþ n�ω� EF � 1� Up. Therefore,
the electron wave transmission coefficient Tn can be obtained from
Eq. (5).

The probability of electron transmission can be calculated
by w(ε, x, t) ¼ Jt(ε, x, t)/Ji(ε), where J(ε, x, t) ¼ (i�h/2m)(ψ∇ψ*
�ψ*∇ψ), and Ji and Jt are the incident and transmitted electron
probability current density, respectively. The time-averaged proba-
bility of electron transmission from initial energy of ε after
n-photon process, hwn(�ε)i, is

hwn(�ε)i ¼
Im i

ffiffiffiffiffi
En

p
ffiffiffi
�ε

p jTnj2
 !

, F0 ¼ 0,

F0
1/3

π
ffiffiffi
�ε

p jTnj2, F0 = 0,

8>>>><
>>>>:

(7)

and the total electron transmission probability D(�ε) from initial
energy ε is the sum of hwn(�ε)i,

D(�ε) ¼ P1
n¼�1

hwn(�ε)i: (8)

The emission current density can thereby be obtained by

J ¼ e
Ð1
0 D(ε)N(ε)dε, (9)

where D(ε) is given in Eq. (8) and N(ε) ¼ mkBT
2π2�h3

ln 1þ e
EF�ε
kBT

� �
is the

supply function, with N(ε)dε being the flux of electrons inside the
metal impinging on the metal surface with longitudinal energy
between ε and εþ dε across a unit area per unit time, calculated
from the free electron theory of metal.29–31

The quantum efficiency (QE) is defined as the ratio of the
number of emitted electrons to that of incident photons,

QE ¼ J/e
I/�hω

, (10)

where I is the intensity of the incident laser, which is related to the
laser electric field as I [W/cm2] ¼ ε0cF2

1 /2 ¼ 1:33� 1011 �
(F1[V/nm])2 for linearly polarized plane waves.

B. Transmission probability, current density, and
quantum efficiency

Figure 2 shows the time-averaged electron transmission proba-
bility hwn(ε)i through the n-photon process from copper, under
various combinations of laser fields and wavelengths. The laser
wavelengths for Figs. 2(a)–2(d) are 180 nm, 220 nm, 260 nm, and
280 nm, corresponding to the photon energy of 6.89 eV, 5.64 eV,
4.77 eV, and 4.43 eV, respectively. The applied dc field is 0.
The laser fields F1 for lines in purple, blue, green, and orange are
10 V/nm, 1 V/nm, 0.1 V/nm, and 0.01 V/nm, corresponding to the
laser intensity of 1:33� 1013, 1:33� 1011, 1:33� 109, and
1:33� 107 W/cm2, respectively. The electron initial energy ε is
assumed to be at the Fermi level EF.

It is clear that the electron transmission probability through
the nth channel increases when the laser field increases. The domi-
nant emission process is through the single-photon absorption
induced over-barrier emission (n ¼ 1). Calculations with applied
dc fields F0 of up to 0.1 V/nm show F0 has little effects on the
transmission probability spectrum, indicating that the Schottky
effect is negligible for such a small dc bias in the laser wavelength
range of 180 nm –280 nm on copper cathodes.

The effects of laser fields F1 (or laser intensity I), dc fields F0,
and laser wavelength λ on the total electron transmission probabil-
ity D(ε) from initial energy of EF is shown in Fig. 3. For the rela-
tively small applied dc field (up to 0.1 V/nm), the electron
transmission probability is well scaled as D(ε)/ F2

1 for wavelengths
shown in Fig. 3, indicating the dominant single-photon process.
This is consistent with the characterization based on the Keldysh
parameter γ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W/2Up
p ¼ ω

ffiffiffiffiffiffiffiffiffiffiffi
2mW

p
/eF1, which is used to charac-

terize the transition from multiphoton absorption (γ � 1) to
strong field emission (γ � 1). The smallest Keldysh parameter is
γ ¼ 4:04 when F1 = 12 V/nm and F0 = 0.1 V/nm at λ = 260 nm,
implying that strong field photoemission can be neglected. When
the laser wavelength increases from 180 nm to 260 nm, the

FIG. 2. Time-averaged electron transmission probability hwn(ε)i through nth channel (or n-photon process) from electron initial energy ε = EF, for laser wavelengths λ = (a)
180 nm, (b) 220 nm, (c) 260 nm, and (d) 280 nm, under various laser fields F1 with dc field F0 = 0. The metal is assumed to be copper, with EF = 7 eV and W0 = 4.31 eV.
The laser intensity corresponding to the laser field F1(V/nm) is I [W/cm2] ¼ ε0cF21 /2 ¼ 1:33� 1011 � (F1[V/nm])

2.
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corresponding photon energy decreases from 6.89 eV to 4.77 eV
and becomes closer to the potential barrier seen by the electrons
(i.e., W ffi 4:31 eV), leading to an increasing transmission probabil-
ity D(ε). This is consistent with our previous study that the
maximum transmission occurs when the photon energy is equal to
the potential barrier, �hω/W � 1 [cf. Fig. 6(c) of Ref. 22]. When the
dc field increases, the potential barrier becomes narrower (Fig. 1),
thus increasing the electron tunneling probability. In the meantime,
the effective work function decreases because of the Schottky effect.
The effects of the dc field are more pronounced for the longer laser
wavelength (or smaller photon energy) of λ = 260 nm, as shown in
the inset of Fig. 3. When the dc field is strong, e.g., F0 = 5 V/nm,
the dominant emission process becomes the dc field emission
(n = 0) when the laser field is small, and electron transmission
probability D(ε = EF) is independent of the laser wavelengths (not
shown).

The electron transmission probability D(ε) at different initial
electron energy ε is shown in Fig. 4. The solid curves, which give D
(ε) as a function of ε at various laser fields, show a stair-like behav-
ior. Each stair indicates a specific n-photon absorption for electrons
with initial energy in that range. The energy between step points cor-
responds to the laser photon energy �hω. Take Fig. 4(a)-(ii), (v), and
(viii) for λ = 220 nm as an example, whose projections in the D–ε
plane and in the D–F1 plane for a few selected curves are shown in
Figs. 4(b) and 4(c), respectively. When F0 = 0, the first step point is
at ε ¼ 5:67 eV [Fig. 4(b)], which equals EF þW0 � �hω, representing
the electron initial energy threshold for one-photon emission. The
second step point is near the bottom of the energy state. The differ-
ence between the two step points is 5.64 eV, which is the photon
energy of the 220 nm laser. Electrons with initial energy in this range
emit through two-photon absorption. The transmission probability
D(ε) of electrons with initial energy ε in the same stair range keeps

almost constant under the same laser field F1, only with a slight
decrease as ε increases in that stair range. The difference in D(ε)
between stairs decreases when F1 increases. For a given F1, when the
applied dc field F0 increases, the step point shifts to smaller ε,
because the surface potential barrier (or effective work function) is
lowered by the applied dc field. The transition between stairs
becomes gradual when there is dc field instead of a sharp transition
when there is no dc field. Figure 4(c) shows D(ε) as a function of
laser field F1 with various electron initial energies when the laser
wavelength is 220 nm. When the electron is with initial energy of
2 eV and 4 eV, D(ε) is well scaled as D(ε)/ F2n

1 ¼ F4
1 for the

applied dc field up to 0.1 V/nm, indicating the dominant two-
photon absorption process. When the electron is with an initial
energy of 5 eV, the dominant emission is through two-photon
absorption for dc field smaller than 0.05 V/nm. When the applied dc
field F0 = 0.1 V/nm, which induces an effective work function of
W ¼ 3:93 eV, the effective potential barrier seen by an electron at
ε ¼ 5 eV becomes EF þW � ε ¼ 5:93 eV (compared to photon
energy of 5.64 eV for a 220 nm laser). The electron is emitted
through single-photon-assisted tunneling (n ¼ 1) in the laser field
range from F1 ¼ 0:001 V/nm to 1 V/nm. The dominant emission
process shifts to high order channels (n ¼ 2) when the laser field
gets larger in the range from F1 ¼ 1 V/nm to 10V/nm, as shown in
Fig. 4(c), which is consistent with our previous observation (cf.
Fig. 2 of Ref. 22).

Figure 5 presents the electron emission current density per
energy J(ε) =N(ε)D(ε) as a function of electron initial energy ε
under various combinations of laser fields, dc fields, and laser
wavelengths. Most electrons are emitted from electron initial
energy of a few eVs below the Fermi level, through single-photon
absorption. The range of the electron initial energy of single-
photon emission is determined by the incident laser photon
energy. The shorter the laser wavelength, the larger the range, and
hence, more electrons are emitted. Few electrons above the Fermi
level are emitted because there are fewer electrons distributed in
that energy range. The dc field extends the dominant electron emis-
sion range to a lower value, and therefore more electrons with
smaller initial energy are able to emit. The electron emission
current density per energy N(ε)D(ε) also shows stair-like depen-
dence on the electron initial energy ε, indicating a different
n-photon absorption process for electrons with initial energy in dif-
ferent “stairs.” The step points correspond to the initial energy
threshold for an electron to emit after absorption of integer
number of photons EF þW � n�hω. When the laser field F1
increases, the electron emission current density also increases, but
the difference of emission current density between stairs gets
smaller, especially for longer laser wavelength, which means that a
multi-photon absorption process contributes more significantly
to the electron emission. When the laser field F1 is small, as in
Figs. 5(a)–5(c), the “stairs” are flat. When F1 increases, N(ε)D(ε)
from larger initial energy becomes smaller than that from smaller
initial energy in the same “stair,” which is similar to the transmis-
sion probability D(ε) observed in Fig. 4.

Figure 6 shows the total electron emission current density J as
a function of laser wavelength under various laser fields, as calcu-
lated from Eq. (9). It is clear that when the laser field increases, the
total emission current density also increases, especially in the

FIG. 3. The electron transmission probability D(ε) at initial energy of EF as a
function of laser electric field F1, for various laser wavelengths λ and dc field
F0. The metal is assumed to be copper, with EF = 7 eV and W0 = 4.31 eV.
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longer wavelength. When the laser field is small (F1 < 0.1 V/nm),
there is an obvious drop in the current density at a longer wave-
length. When the laser field is larger, the electron emission current
density becomes less sensitive to the laser wavelength. The applica-
tion of dc field increases the total electron emission current
density, due to both narrowing and lowering of the potential
barrier. The increase of the emission current density due to the dc
field is more significant for longer laser wavelength.

Regarding the high power of the laser used for photoemission,
the temperature near the surface of the metal could increase sub-
stantially. The effects of temperature on the emission current are
shown in Fig. 7. The laser field F1 is 1 V/nm, and the temperature
in the Fermi–Dirac function is set to be T = 300, 500, 1000, and
2000 K. It is clear that higher temperature can increase the emis-
sion current density in the longer laser wavelength range. As the
electron temperature increases, there are more electrons near or
above the Fermi level, which are able to emit and induce a larger
emission current density. Electrons with initial energy above the
Fermi level can emit through single-photon absorption in the
longer laser wavelength range, whose transmission probability is

several orders higher than electrons with lower energy (cf. Fig. 4).
Therefore, the electron emission current density is greatly enhanced
in the longer laser wavelength range. In the shorter laser wave-
length range, electrons mostly emit through single-photon absorp-
tion over a wider range of initial energy around the Fermi level;
therefore, the emission current density is insensitive to
temperature.

Figure 8 shows quantum efficiency (QE) as a function of laser
wavelength and laser field for different dc fields, as obtained from
Eq. (10). For smaller laser wavelength in the range of 180 nm–
260 nm, QE changes little when the laser field F1 increases from 0
to 10 V/nm for a fixed dc field F0. In this wavelength range, the
electron emission is dominated by single-photon absorption, giving
the scaling of the emission electron current density as J / F2

1 , or
J / I, and thus a constant QE/ J/I independent of F1, as seen
from Figs. 8(c) and 8(f). For laser wavelength in the range of
260 nm–300 nm, QE increases when the input laser field F1
increases. This is due to the increase in electron emission through
multiphoton absorption (n . 1), as shown in Fig. 2. For the case of
300 nm, QE is increased by at least four orders of magnitude when

FIG. 4. Electron transmission probabil-
ity D(ε) as a function of electron initial
energy ε, for different laser field F1, dc
field F0, and laser wavelength λ. (a)
Top to bottom row: F0 = 0, 0.05, and
0.1 V/nm; Left to right column: λ = 180,
220, and 260 nm; (b) D(ε) vs ε for
λ ¼ 220 nm; (c) D(ε) vs F1 for
λ ¼ 220 nm. The metal is assumed to
be copper, with EF = 7 eV and
W0 = 4.31 eV.
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F1 increases from 0.001 V/nm to 10 V/nm [cf. Fig. 8(c) with
F0 ¼ 0), indicating that multiphoton absorption contributes signifi-
cantly in this case. Applying a dc field will increase QE, as shown
in Figs. 8(d)–8(f ). The increase of QE due to the dc field is more

profound in the longer laser wavelength range for a small laser field
(e.g., λ in the range of 260 nm–300 nm with F1 , 1 V/nm). It is
also found that QE becomes less sensitive to the laser field F1 when
dc field F0 is increased, especially for longer laser wavelength in
260 nm–300 nm.

FIG. 5. Electron emission current
density per electron initial energy J
(ε) = D(ε)N(ε) as a function of electron
initial energy ε under various combina-
tions of dc fields F0 and wavelengths
λ, for the laser field F1 ¼ (a) 0.001 V/
nm, (b) 0.01 V/nm, (c) 0.1 V/nm, (d)
1 V/nm, (e) 2 V/nm, (f ) 4 V/nm, (g)
6 V/nm, (h) 8 V/nm, and (i) 10 V/nm.
The metal is assumed to be copper,
with EF = 7 eV and W0 = 4.31 eV. The
temperature is assumed at T ¼ 300 K.

FIG. 6. Total electron emission current density as a function of laser wavelength
under various laser fields F1 and dc fields F0. The metal is assumed to be
copper, with EF = 7 eV and W0 = 4.31 eV. The electron temperature is assumed
at T ¼ 300 K.

FIG. 7. Total electron emission current density as a function of laser wavelength
with different temperatures. The laser field F1 = 1 V/nm, and dc field F0 = 0 for
(a) and F0 = 0.1 V/nm for (b). The inset in (b) is the supply function N(ε) under
various temperatures. The metal is assumed to be copper, with EF = 7 eV and
W0 = 4.31 eV.
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III. COMPARISON WITH THE THREE-STEP MODEL AND
THE FOWLER–DUBRIDGE MODEL

In this section, we compare the results of our quantum
model with the widely used three-step model (TSM)13–18 and the
Fowler–DuBridge (FD) model.9–12 The TSM in the closed form of
Dowell17,18 reads

QE ¼ (1� R(ω))Fe�e
EF þ �hω
2�hω

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EF þW
EF þ �hω

r	 
2

, TSM,

(11)

where R(ω) is the reflectivity at frequency ω, (1� R(ω)) is the laser

power absorption coefficient, Fe�e(ω) ¼ 1/ 1þ λopt (ω)
λe�e(ω)

� �
, λopt(ω)

¼ λ/4πk(ω) is the optical penetration depth, λ is the laser wave-
length and k(ω) is the imaginary part of the refractive index, and

λe�e(ω) ¼ 2λmE3/2
m

�hω
ffiffiffiffi
W

p 1
1þ ffiffiffiffiffiffiffiffiffi

W/�hω
p is the mean free path of electron–electron

scattering, with λm being a known value of electron–electron scat-
tering mean free path for electrons at energy Em above the Fermi
level. Note that Eq. (11) is only a limiting case of TSM and is valid
when the photon energy �hω is close to the work function W of the
metal. When �hω is not close to W, scattered electrons with trans-
verse energies and multiphoton processes may contribute greatly to
the total emission and have to be considered in a more general
three-step formalism.32 The FD model9–12 reads

QE ¼ a1(1� R(ω))AT2F
�hω�W
kBT

	 

, FD model, (12)

where a1 is a constant depending on the cathode material,
A = 120 A/cm2/K2 is Richardson’s constant, and F(x) is Fowler’s
function [cf. Eq. (A5) in the Appendix]. For completeness, the
assumptions in both models are briefly summarized in the
Appendix.

Figures 9(a) and 9(b) show QE as a function of laser wave-
length calculated by the quantum model [Eq. (10)], TSM
[Eq. (11)], FD model [Eq. (12)], and Monte Carlo (MC) simulation
based on TSM, for both copper and gold. In the calculation, the
photon energy of the laser is chosen to be larger than the work
function of the metal, such that the dominant electron emission
mechanism is single-photon absorption. The laser field F1 in the
quantum model is assumed to be 0.01 V/nm. Though the absolute
values for the QE from the quantum model are about one order
smaller than those of the other models, their scalings are in
remarkable agreement. In fact, by multiplying the QE from the
quantum model with a constant C (=13.963 and 19.142 for copper
and gold, respectively), it matches the TSM and FD model results
very well, as shown in Figs. 9(a) and 9(b).

Difference between the quantum model and TSM as well as
the FD model, however, is expected, due to the very different set-
tings of the models. In the quantum model, the laser field is
assumed to be perpendicular to the metal surface, whereas in other
models, the laser incidence (i.e., the Poynting vector) is perpendic-
ular to the metal surface. The laser power absorption in the latter

FIG. 8. Quantum efficiency calculated
from the quantum model under various
laser fields in the laser wavelength
range of 180–300 nm for dc field F0 of
(a)–(c) 0 V/nm and (d)–(f ) 0.1 V/nm.
The metal is assumed to be copper,
with EF = 7 eV and W0 = 4.31 eV. The
temperature is assumed at T ¼ 300 K.
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case is expected to be significantly higher33,34 and, therefore, can
induce more photoelectron emission.

The case of laser field perpendicular to the metal surface may
be realized when a linearly polarized laser, of the transverse electro-
magnetic (TEM) mode, propagates along the metal surface (i.e.,
parallel incidence). In this case, the laser power absorption coeffi-
cient is found to be Pabsorption/Pincident ¼ πδs/λ,

33–35 where λ is the
laser wavelength in vacuum and δs ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2/σωμ0
p

is the skin depth,
with σ being the conductivity of the metal and μ0 the vacuum per-
meability. By replacing (1� R) with πδs/λ in Eqs. (11) and (12),
the TSM and FD model for parallel incidence become, respectively,

QE ¼ πδs
λ

	 

Fe�e

EF þ �hω
2�hω

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EF þW
EF þ �hω

r	 
2

,

TSM for parallel incidence,

(13)

QE ¼ a1
πδs
λ

	 

AT2F

�hω�W
kBT

	 

, FD model for parallel incidence,

(14)

where the resulted QE from both models is very close to that of the
quantum model [Eq. (10)] as shown in Figs. 9(c) and 9(d). The differ-
ence between the quantum model and the other models for parallel

incidence could be partially explained by the assumption in the
quantum model that the laser field is terminated abruptly on the metal
surface, where the finite penetration of the laser field and the electron–
electron scattering effect inside the metal are ignored. These volume
effects become important when the laser photon energy is larger than
the work function of the metal.36 It is important to note that the QE
calculation from the quantum model in Fig. 9 is only for a relatively
small laser field (0.01V/nm). Larger laser field increases QE in the
longer laser wavelength range, as already displayed in Fig. 8, which
cannot be predicted from either the TSM or the FD model.

Figure 10 shows the comparison of QE from our quantum
model and from the TSM for parallel incidence, for both copper
and gold under small dc fields (i.e., F0 = 0.05 V/nm and 0.1 V/nm,
respectively). The scaling of the results is in good agreement.
Similar to Figs. 6 and 8, QE increases as dc field increases, espe-
cially in the longer laser wavelength, due to the combined effects of
potential barrier lowering and narrowing by the dc bias. Both
effects are captured in the quantum model, but only the barrier
lowering effect (or Schottky effect) is included in the TSM, leading
to a higher QE from the quantum model.

IV. CONCLUSION

In summary, we present a quantum model for photoemission
from biased metal surfaces under the excitation of a perpendicular
laser field, by solving the time-dependent Schrödinger equation
exactly. The electron energy states’ distribution inside the metal is
assumed to follow the Fermi–Dirac distribution.

When the laser photon energy is larger than the work func-
tion of the metal, the electron emission process is dominated by
single-photon absorption. Electrons are predominantly emitted
from the initial energy levels in the range within one-photon
energy below the Fermi level. When the laser field is small, QE is
independent of the laser field strength. However, when the laser
field increases (≥0.1 V/nm), QE increases with laser field strength
in the longer laser wavelength range, which is due to the increased
contributions from multiphoton absorption processes. This laser
field- (or intensity-) dependent QE is not predicted by the

FIG. 9. (a) and (b) Quantum efficiency (QE) from the quantum model (QM)
[Eq. (10)], the three-step model (TSM) [Eq. (11)], the Monte Carlo (MC) simula-
tion based on TSM, the Fowler–DuBridge model (FD) [Eq. (12)], and the fitted
QM� C (C =13.963 and 19.142 for copper and gold, respectively). (c) and (d)
QE from QM [Eq. (10)], TSM [Eq. (13)] and FD model [Eq. (14)] for parallel inci-
dence. In all the calculations, we assume the dc field F0 = 0. For copper,
EF = 7 eV and W0 = 4.31 eV;

17,18 for gold, EF = 5.53 eV and W0 = 5.1 eV.
22,25,26

In the QM, the laser field F1 = 0.01 V/nm. In both MC simulation and TSM,
Em = 8.6 eV and the corresponding λm = 2.2 nm are used, for both copper,15

and gold.16 In the FD model, a1 = 5 × 10
−18 m2/A37 for copper and

a1 = 7 × 10
−18 m2/A for gold (by fitting to TSM). The temperature is assumed at

T ¼ 300 K.

FIG. 10. Quantum efficiency (QE) from QM [Eq. (10)] and TSM for parallel inci-
dence [Eq. (13)] under different dc fields F0, for (a) copper and (b) gold. The
other parameters are the same as in Fig. 9.
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pre-existing photoemission models, such as the three-step model or
the Fowler–DuBridge model. It is also found that applying a dc
field can increase photoelectron emission, especially in the longer
laser wavelength range, which agrees with previous studies.17,18,22,26

A comparison of QE by the quantum model and the existing
classical models, i.e., the three-step model, the Fowler–DuBridge
model, and the Monte Carlo simulation, shows the scaling of the QE
by those models agrees well, despite the very different settings and
assumptions used in the quantum model and the classical models.
The QE from the quantum model can be fitted to that of the three-
step model by a constant of proportionality, which counts mainly for
the different laser (or photon) absorption coefficient under different
configurations. By using the laser power absorption coefficient for
parallel incidence on the cathode surface, the QE from the classical
models and the quantum model are in good agreement.

We would like to emphasize again that the calculation pre-
sented in this work is only for a limited range of laser wavelengths
when the photon energy is close to the work function of the metal,
so that single-photon absorption dominates the electron emission
process. The work may be extended to the multiphoton emission
and optical field emission regimes38,39,22 in a much wider range of
laser wavelengths. In these regimes, our model will be compared
with the more general formalism of TSM32 to examine the increas-
ingly important effects of multiple scattering, transverse energies,
and multiphoton absorption processes.

For the single-photon dominated electron emission studied
here, it is found that higher temperature increases the emission
current only in the longer wavelength ranges under steady state. It
is important to note that, however, laser heating of electron gas and
the cathodes is a time-dependent process. Also, high laser intensi-
ties (or laser fields) are often realized using femtosecond laser
pulses without damaging the metal sample.38,40,41 Due to the large
difference between heat capacity of electrons and phonons, as well

as picosecond-scaled electron–phonon scattering, there is a thermal
nonequilibrium between electrons and the lattice,42–44 where the
temperature of the electrons can reach up to thousands of
kelvin.44,45 It also takes as long as ∼1 ps for the electrons to reach a
thermal equilibrium by electron–electron scattering, depending on
the incident laser intensities.46 Therefore, the electron system con-
sists of both thermal electrons and non-thermal electrons,46 where
the Fermi–Dirac electron distribution may not be valid. This, in
turn, is expected to change the step-like characteristics in electron
distribution (e.g., Fig. 5) by having the photo-excitation occur from
a significantly heated electron gas.44 Consistent calculations of the
time-evolved temperature of the electrons and lattice, electron dis-
tribution, and electron emission will be the subject of future study.
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APPENDIX: BRIEF DERIVATION OF THREE-STEP
MODEL AND FOWLER-DuBRIDGE MODEL

A. Three-step model

Photoemission from metal surfaces is described in three
sequential independent steps. First, electrons are excited to states of
higher energies after absorption of photons. Next, the excited elec-
trons move to the surface, which involves physical processes such as
electron–electron scattering in metals. Finally, electrons overcome
the potential barrier and escape into the vacuum, with a probability
depending on their momentum and the surface potential. The
quantum efficiency of photoemission from metal surfaces, defined as
the ratio of the number of emitted electrons to that of the incident
photons, is the product of the probability of those three steps,17,18

QE ¼ [1� R(ω)]�
Ð1
EFþW��hω dE[1� fFD(E þ �hω)]fFD(E)

Ð 1
cos θmax(E)

d(cos θ)Fe�e(E, ω, θ)
Ð 2π
0 dfÐ1

EF��hω dE[1� fFD(E þ �hω)]fFD(E)
Ð 1
�1 d(cos θ)

Ð 2π
0 df

, (A1)

where R(ω) is the reflectivity at frequency of ω, the laser is assumed
incident perpendicular to the metal surface; fFD(E) ¼
1/(1þ exp[(E � EF)/kBT]) is the Fermi–Dirac function, describing
the electron energy states distribution inside the metal; W is the
effective work function, including the Schottky effect, which is the
maximum of the Schottky potential composed of both image
charge field and applied dc field F0; Fe�e(E, ω, θ) is the probability
that electrons survive the e–e scatterings to reach the surface; θ is
the angle between the velocity of the electron and the surface
normal; and f is the azimuthal angle on the surface. cos θmax(E) ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(EF þW)/(EF þ �hω)

p
gives the maximum angle of the electron

velocity with respect to the normal of the surface, at which an elec-
tron can reach the surface and may eventually escape.

There are assumptions made to simplify the model. First, the
metal is assumed to be at low temperature. Therefore, the Fermi–

Dirac function can be approximated as a step function, with fully
occupied states below EF and empty states above EF. Second, the
photon energy of input laser is assumed to be near the threshold of
photoemission, so that most of the emitted electrons are with veloc-
ity normal to the surface, and therefore the θ dependence of
Fe�e(E, ω, θ) can be ignored. Implied in Eq. (A1) is that electrons
with the momentum normal to the surface greater than the critical
barrier momentum may escape, which satisfies p2?/2m . EF þW,
where p? is the momentum normal to the surface. Thus, the model
in Eq. (A1) can be simplified as17,18

QE ¼ [1� R(ω)]Fe�e
(EF þ �hω)

2�hω
1þ EF þW

EF þ �hω
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EF þW
E þ �hω

r" #
,

(A2)
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which is Eq. (11) in the main text, with all the terms defined
therein.

B. Fowler–DuBridge model

The Fowler–DuBridge model for photoemission9–12 are based
on the following assumptions: (a) electrons inside a metal follow
the Fermi–Dirac distribution, and electrons are distributed uni-
formly in the momentum space; (b) the probability of a photon
absorbed by an electron is independent of the electron’s initial
energy state; (c) only the electron momentum component normal
to the surface is increased by the absorption of photon; (d) an elec-
tron can escape from the surface, if the electron momentum
normal to the surface is greater than the threshold determined by
the metal work function; (e) the quantum efficiency is proportional
to the number of electrons impinging on the surface, per unit area
per unit time, whose kinetic energy associated with the momentum
normal to the metal surface is greater than the work function of
the metal. For the laser wavelength shorter than the threshold
wavelength, the single-photon emission is dominant and multipho-
ton processes are ignored, which yields9

QE¼ a1(1�R)
2
h3

ð1
�1

dpx

ð1
�1

dpy

ð1
p1

dpz
pz/m

exp
p2xþp2yþp2z
2mkBT

� EF
kBT

 !
þ1

,

(A3)

where px and py are the momentum along the metal surface, pz is
the momentum normal to the surface, p1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m(W þ EF � �hω)

p
is

the minimum momentum normal to the surface required for an
electron to overcome the potential barrier to emit, h is Planck’s
constant, kB is the Boltzmann’s constant, T is the electronic temper-
ature, EF is the Fermi energy, R is the metal surface reflectivity,
R ¼ n0 � 1ð Þ2 þ k2 =	 ½ n0 þ 1ð Þ2 þ k2

� �
when the laser is incident

normal to the surface, n0 is the refractive index, k is extinction
coefficient or the imaginary part of the refractive index, and
a1 is a constant, which can be experimentally determined,
a1 = 5 × 10−18 m2/A37 for copper and a1 = 7 × 10−18 m2/A for gold,
which is obtained by fitting with TSM results.

By performing the integral in Eq. (A3), the quantum efficiency
can be expressed as9–12

QE ¼ a1(1� R)AT2F �hω�W
kBT

� �
, (A4)

where A = 120 A/cm2/K2 is Richardson’s constant and F(x) is
Fowler’s function, which is9–11

F(x)¼
ex � e2x

22
þ e3x

32
� 
 
 
 , x, 0,

π2

6
þ 1
2
x2 � e�x � e�2x

22
þ e�3x

32
� 
 
 


� �
, x. 0:

8>><
>>: (A5)
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